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Is the smallest number of pairwise edge
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For a graph G, the crossing number cr(G) Example.
Is the smallest number of pairwise edge cr(Ksz3) =1
crossings in a drawing of G (in the plane). |

In a crossing-minimal drawing of G

B no edge is self-intersecting,

B edges with common endpoints do
not Iintersect,

-
T,
L

## crossings reduced; so, an iterative procedure terminates
Such a drawing is called a topological drawing of G.

B two edges intersect at most once, 7

® and, w.l.o.g., at most two edges
Intersect at the same point.

b



Computing the Crossing Number

B Computing cr(G) is NP-hard. [Garey & Johnson '83]



Computing the Crossing Number

B Computing cr(G) is NP-hard. [Garey & Johnson '83]
... even if GG is a planar graph plus one edge! [Cabello & Mohar '08]



Computing the Crossing Number

B Computing cr(G) is NP-hard. [Garey & Johnson '83]
... even if GG is a planar graph plus one edge! [Cabello & Mohar '08]

B cr(G) often unknown, only conjectures exist
(for K,, exact number are only known for up to 14 vertices)



Computing the Crossing Number

B Computing cr(G) is NP-hard. [Garey & Johnson '83]
... even if GG is a planar graph plus one edge! [Cabello & Mohar '08]

B cr(G) often unknown, only conjectures exist
(for K,, exact number are only known for up to 14 vertices)

B In practice, cr(G) is often not computed directly but rather
drawings of G are optimized with



Computing the Crossing Number

B Computing cr(G) is NP-hard. [Garey & Johnson '83]
... even if GG is a planar graph plus one edge! [Cabello & Mohar '08]

B cr(G) often unknown, only conjectures exist
(for K,, exact number are only known for up to 14 vertices)

B In practice, cr(G) is often not computed directly but rather
drawings of G are optimized with

B force-based methods,



Computing the Crossing Number

B Computing cr(G) is NP-hard. [Garey & Johnson '83]
... even if GG is a planar graph plus one edge! [Cabello & Mohar '08]

B cr(G) often unknown, only conjectures exist
(for K,, exact number are only known for up to 14 vertices)

B In practice, cr(G) is often not computed directly but rather
drawings of G are optimized with

B force-based methods,

B multidimensional scaling,



Computing the Crossing Number

B Computing cr(G) is NP-hard. [Garey & Johnson '83]
... even if GG is a planar graph plus one edge! [Cabello & Mohar '08]

B cr(G) often unknown, only conjectures exist
(for K,, exact number are only known for up to 14 vertices)

B In practice, cr(G) is often not computed directly but rather
drawings of G are optimized with

B force-based methods,
B multidimensional scaling,

® other heuristics, ...



Computing the Crossing Number

B Computing cr(G) is NP-hard. [Garey & Johnson '83]
... even if GG is a planar graph plus one edge! [Cabello & Mohar '08]

B cr(G) often unknown, only conjectures exist
(for K,, exact number are only known for up to 14 vertices)

B In practice, cr(G) is often not computed directly but rather
drawings of G are optimized with

B force-based methods,

For exact computations,

B multidimensional scaling, .
check out http://crossings.uos.de!

® other heuristics, ...


http://crossings.uos.de

Computing the Crossing Number

B Computing cr(G) is NP-hard. [Garey & Johnson '83]
... even if GG is a planar graph plus one edge! [Cabello & Mohar '08]

B cr(G) often unknown, only conjectures exist
(for K,, exact number are only known for up to 14 vertices)

B In practice, cr(G) is often not computed directly but rather
drawings of G are optimized with

B force-based methods,

For exact computations,

B multidimensional scaling, .
check out http://crossings.uos.de!

® other heuristics, ...

B cr(G) is a measure of how far G is from being planar.


http://crossings.uos.de

Computing the Crossing Number

B Computing cr(G) is NP-hard. [Garey & Johnson '83]
... even if GG is a planar graph plus one edge! [Cabello & Mohar '08]

B cr(G) often unknown, only conjectures exist
(for K,, exact number are only known for up to 14 vertices)

B In practice, cr(G) is often not computed directly but rather
drawings of G are optimized with

B force-based methods,

For exact computations,

B multidimensional scaling, .
check out http://crossings.uos.de!

® other heuristics, ...

B cr(G) is a measure of how far G is from being planar.

B For planarization, where we replace crossings with dummy vertices,
also only heuristic approaches are known.


http://crossings.uos.de
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Rectilinear Crossing Number

Definition. Separation.
For a graph G, the rectilinear (straight-line) cr(Kg) = 18, but cr(Kg) = 19.
crossing number Tr(G) is the smallest number of
crossings in a straight-line drawing of G.

Even more . ..

Lemma 1. [Bienstock, Dean '93]
For every k > 4, there exists a graph GG with

cr(Gr) =4 and cr(Gy) > k. e
B Every straight-line drawing of (G has at least
0
one crossing of the following types: :><: r :><:

B From G1 to Gy do e > ee—>e
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Theorem. [Lovdsz et al. '04, Aichholzer et al. '06]
3
(§ + 5) (Z) + O(n?) < er(K,) < 0.3807 (Z) + O(n>)

Exact numbers on cr(K,,) are known for n < 27.

Check out http://www.ist.tugraz.at/staff/aichholzer/crossings.html
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Other Crossing Numbers

Schaefer [Sch20| wrote a survey on many variants
of crossing numbers (including precise definitions).

One-sided crossing minimization
(see lecture 8 on hierarchical layouts)

Fixed linear crossing number — Exercise

Book embeddings (vertices on a line, edges assig-
ned to few “pages” where edges do not cross)

Crossings of edge bundles

On other surfaces, such as donuts

Weighted crossings

Crossing minimization is NP-hard for most variants.

I
I

K7 on the torus
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Theorem. [Hanani '43, Tutte '70]
A graph is planar if and only if it has a drawing in which all
pairs of vertex-disjoint edges cross an even number of times.

Proof sketch.

Hanani showed that every drawing of K5 and K33 must have a pair of edges that crosses
an odd number of times.

Every non-planar graph has K5 or K33 as a minor, so there are two paths that cross an
odd number of times.

Hence, there must be two edges on these paths that cross an odd number of times. []



Hanani—Tutte Theorem

Theorem. [Hanani '43, Tutte '70]
A graph is planar if and only if it has a drawing in which all
pairs of vertex-disjoint edges cross an even number of times.

The odd crossing number
ocr(G) of G is the smallest
number of pairs of edges that
cross an odd number of times
in a drawing of G.



Hanani—Tutte Theorem

Theorem.

[Hanani '43, Tutte '70]

A graph is planar if and only if it has a drawing in which all
pairs of vertex-disjoint edges cross an even number of times.

Corollary.

ocr(G) =0=cr(G) =0

The odd crossing number
ocr(G) of G is the smallest
number of pairs of edges that
cross an odd number of times
in a drawing of G.



Hanani—Tutte Theorem

The odd crossing number

Theorem. [Hanani '43, Tutte '70]  ocr(G) of G is the smallest
A graph is planar if and only if it has a drawing in which all number of pairs of edges that
pairs of vertex-disjoint edges cross an even number of times. ~ cross an odd number of times

in a drawing of G.

Corollary. ocr(G) =0=-cr(G) =0 s ocr(G) = cr(G)?



Hanani—Tutte Theorem

The odd crossing number

Theorem. [Hanani '43, Tutte '70]  ocr(G) of G is the smallest
A graph is planar if and only if it has a drawing in which all number of pairs of edges that
pairs of vertex-disjoint edges cross an even number of times. ~ cross an odd number of times

in a drawing of G.

Corollary. ocr(G) =0= cr(G) =0 Is ocr(G) = cr(G)?  No!



Hanani—Tutte Theorem

The odd crossing number
Theorem. [Hanani '43, Tutte '70]  ocr(G) of G is the smallest
A graph is planar if and only if it has a drawing in which all number of pairs of edges that
pairs of vertex-disjoint edges cross an even number of times. ~ cross an odd number of times
in a drawing of G.

Corollary. ocr(G) =0= cr(G) =0 Is ocr(G) = cr(G)?  No!

Theorem. [Pelsmajer, Schaefer & Stefankovi¢ '08, Téth '08]
There is a graph G with ocr(G) < cr(G) < 10



Hanani—Tutte Theorem

The odd crossing number
Theorem. [Hanani '43, Tutte '70]  ocr(G) of G is the smallest
A graph is planar if and only if it has a drawing in which all number of pairs of edges that

pairs of vertex-disjoint edges cross an even number of times. ~ cross an odd number of times
in a drawing of G.

" . — j—
Corollary. ocr(G) =0=cr(G) =0 s ocr(G) = cr(G)? No
Theorem. [Pelsmajer, Schaefer & Stefankovi¢ '08, Téth '08]

There is a graph G with ocr(G) < cr(G) < 10

Theorem. [Pach & Téth '00]
If I is a drawing of GG and Ej is the set of edges that cross any other edge
an even number of times in ', then G can be drawn such that no edge in
Ey is involved in any crossings.



Hanani—Tutte Theorem

The odd crossing number
Theorem. [Hanani '43, Tutte '70]  ocr(G) of G is the smallest
A graph is planar if and only if it has a drawing in which all number of pairs of edges that

pairs of vertex-disjoint edges cross an even number of times. ~ cross an odd number of times
in a drawing of G.

" . — j—
Corollary. ocr(G) =0=cr(G) =0 s ocr(G) = cr(G)? No
Theorem. [Pelsmajer, Schaefer & Stefankovi¢ '08, Téth '08]

There is a graph G with ocr(G) < cr(G) < 10

Theorem. [Pach & Téth '00]
If I is a drawing of GG and Ej is the set of edges that cross any other edge
an even number of times in ', then G can be drawn such that no edge in
Eyp is involved in any crossings



Hanani—Tutte Theorem

The odd crossing number
Theorem. [Hanani '43, Tutte '70]  ocr(G) of G is the smallest
A graph is planar if and only if it has a drawing in which all number of pairs of edges that

pairs of vertex-disjoint edges cross an even number of times. ~ cross an odd number of times
in a drawing of G.

" . — j—
Corollary. ocr(G) =0=cr(G) =0 s ocr(G) = cr(G)? No
Theorem. [Pelsmajer, Schaefer & Stefankovi¢ '08, Téth '08]

There is a graph G with ocr(G) < cr(G) < 10

Theorem. [Pach & Téth '00]

If I is a drawing of GG and Ej is the set of edges that cross any other edge
an even number of times in ', then G can be drawn such that no edge in
Eyp is involved in any crossings

The pairwise crossing number pcr(G) of G is the smallest
number of pairs of edges that cross in a drawing of G.



Hanani—Tutte Theorem

The odd crossing number
Theorem. [Hanani '43, Tutte '70]  ocr(G) of G is the smallest
A graph is planar if and only if it has a drawing in which all number of pairs of edges that
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B Let p be a number in (0, 1]. B E[X,] =pcr(G)

O K.eehp evebryb\./l_ertex of GG independently m 0 < E[X,] — E[m,] + 3E[n,)
with probability p. _ p4cr(G) _ me + 3pn

B G, = remaining graph (with drawing I'},).

OV

2
—3pn m n
. mcr(G) > 2T =0 _ 30
B Let n,,m,, X, be the random variables (&) = p* p> P

counting the numbers of B Setp— o
vertices / edges / crossings of I, resp. m
®m By Lemma 2, er(G,) — my, + 3n, > 6. mcr(G)> O

P
cr(G)>m—-3n+6 = E[Xp —mp—|—3np] > 0.



10 - 26

The Crossing Lemma

Crossing Lemma.

For a graph G with n vertices and m edges, m > 4n,
3

cr(G) > & - .

n2
Proof.
m Consider a crossing-minimal drawing of G. ™ E[n,] = pn and E[m,] = p°m
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B G, = remaining graph (with drawing [',,). )
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m Let ny,,m,, X, be the random variables p p p
cour.ltlng the numbers o_f B Setp=
vertices / edges / crossings of I, resp.
m By Le/@ma 2, cr(Gp) — my + 3n, > 6. mcr(G) > 12”’;2 — 63;’1232 ]

cr(G)>m—-3n+6 = E[Xp —mp—|—3np] > 0.
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Crossing Lemma.

For a graph G with n vertices and m edges, m > 4n,
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m Consider a crossing-minimal drawing of G. ™ E[n,] = pn and E[m,] = p°m
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Application 1: Point—Line Incidences

For a set of points and a set L of lines,
let I(P, L) = # point-line incidences in (P, L).

\/ 2
3
= I(P,£) = 10 A
B Define I(n, k) = |P|:r2?|>2|:k I(P,L).

B For example: I(4,4) =

\/ 4— &
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Application 1: Point—Line Incidences

For a set /7 ¢ [?% of points and a set £ of lines,
let I(P, L) = # point-line incidences in (P, L).

= I(P,L£) = 10

B Define I(n, k)= max I(P L)
| P|=n,|L|=k

B For example: I(4,4) =

I T s
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Application 1: Point—Line Incidences

For a set /7 ¢ [?% of points and a set £ of lines,
let I(P, L) = # point-line incidences in (P, L).
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B Define I(n, k)= max I(P L)
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B For example: I(4,4) = 9

I T s

3




11-13

Application 1: Point—Line Incidences

For a set /7 ¢ [?% of points and a set £ of lines, 'Theorem 1.
let I(P, £) = # point-line incidences in (P, £).  [Szemerédi, Trotter ‘83, Székely 07
I(n, k) < 2.7n%/3k%/3 + 6n + 2k.

= I(P,L£) = 10

B Define I(n, k)= max I(P L)
| P|=n,|L|=k

B For example: I(4,4) = 9

I T s
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I(n, k) < c(n?PK?3 +n+k).

o Progi Q ‘Qf mcr(G) < k?/2
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B For example: I(4,4) = 9

I T s
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For a set /7 ¢ [?% of points and a set £ of lines, 'Theorem 1.
let I(P, £) = # point-line incidences in (P, £).  [Szemerédi, Trotter ‘83, Székely 07
I(n, k) < c(n?PK?3 +n+k).

o Progi Q ‘Qf mcr(G) < k?/2

B #(points on a line £) — 1 = #(edges on /)
= I(n,k) —k=m (sum up over L in an
“optimal” instance)

= I(P,L£) = 10

m Define I(n, k)= max I(P,L). m It m <4n,
| P|=n,|L|=k

B For example: I(4,4) = 9

I T s
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Application 1: Point—Line Incidences

For a set /7 ¢ [?% of points and a set £ of lines, 'Theorem 1.
let I(P, £) = # point-line incidences in (P, £).  [Szemerédi, Trotter ‘83, Székely 07
I(n, k) < c(n?PK?3 +n+k).

o Progi Q ‘Qf mcr(G) < k?/2

B #(points on a line £) — 1 = #(edges on /)

= I(P,£) = 10 = I(n,k) —k=m (sum up over L in an
“optimal” instance)
B Define I(n, k) = - ma|>2| kI(P, L). B If m <4n, then I(n, k) — k =m < 4n.

B For example: I(4,4) = 9

I T s
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[0 =T <

= I(P,L£) = 10
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For a set /7 ¢ [?% of points and a set £ of lines, 'Theorem 1.
let I(P, £) = # point-line incidences in (P, £).  [Szemerédi, Trotter ‘83, Székely 07
I(n, k) < c(n?PK?3 +n+k).
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Application 1: Point—Line Incidences

For a set of points and a set £ of lines, 'Theorem 1.
let I(P, £) = # point-line incidences in (P, £).  [Szemerédi, Trotter ‘83, Székely 07
I(n, k) < c(n?PK?3 +n+k).

>P \@V - Proof <\/ B cr(G) < k2/2

3 O #(pomts on a line /) — 1 = #(edges on /)
/N— A |

—k=m (sum up over L in an

11-26

= I(P,L£) = 10
“optimal” instance)
B Define I(n, k)= max I(P L) B If m <4n, then I(n, k) — k =m < 4n.

[P|=n,|L|=k 2/31.2/3
= I(n, k) <4n+k < c(n+k+n/>k/>)

m For example: 1(4,4) = 9 B Otherwise, employ the Crossing Lemma:

1D G G I(n,k)—k)3
\/ W < k2/2 = ULORZR 25

3 8
/\ -l—‘— 4 o & I(n, k) < c(n®PE?/3 + k)
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For a set of points and a set £ of lines, 'Theorem 1.
let I(P, £) = # point-line incidences in (P, £).  [Szemerédi, Trotter ‘83, Székely 07
I(n, k) < c(n?PK?3 +n+k).

>P \ay - Proof <\/ B cr(G) < k2/2

3/\\ ] #(pomts on a line /) — 1 = #(edges c.)n 0)
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= I(P,£) = 10 = I(n,k) —k=m (sum up over L in an
“optimal” instance)
B Define I(n, k)= max I(P L) B If m <4n, then I(n, k) — k =m < 4n.
[P|=n,|L|=k 2/31.2/3
= I(n, k) <4n+k < c(n+k+n/>k/>)
m For example: I(4,4) = 9 B Otherwise, employ the Crossing Lemma:
3 \/ _i 8 i_ \:\/ 6qu2 = <k/2 = (I(néf%;k)g < k?/2
/\ T T /:/9\ < I(n, k) < C(n2/3k2/3 + k)

< c(n?/3k?/3 + k +n).
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For a set P C R? of points, define
B U(P) = number of pairs in P at unit distance

] U(n) = max|p|:n U(P)
Theorem 2.
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Appl |Cat|0n 2: U N |t D|Sta nces Remark: This problem made recently (May 2026)

news in popular media to be solved by Al.

Spektrum de o e

= ;(I widerlegt eine bedeutende
ik

For a set P C R? of points, define
B U(P) = number of pairs in P at unit distance

] U(n) = max|p|:n U(P)

Theorem 2.
[Spencer, Szemerédi, Trotter '84, Székely '97]

U(n) < 6.7n*/3

Proof sketch.

some constant

BUP)<d'm «_

number of edges in G

B cr(G) <2(3) <n? (Circles intersect each other at most twice.)

mnt> cr(G)> G5 > U( ) by the Crossing Lemma.
= U(P) < cn?/3 L]
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Appl |Cat|0n 2: U N |t D|Sta nces Remark: This problem made recently (May 2026)

news in popular media to be solved by Al.

For a set P C R? of points, define
B U(P) = number of pairs in P at unit distance

] U(n) = max|p|:n U(P)

) Gl’{cllll‘%lldn

Theorem 2. The team from OpenAI found a lower bound example

L g s ’ 1+
[Spencer, Szemerédi, Trotter '84, Székely '97] with U(n) = n = for some constant & > 0,
4/3 disproving an 80-year old conjecture by Erdos. Later,
U(n) < 6.7/n various researchers fixed the constant to € > 0.03583.

Proof sketch.

some constant

BUP)<d'm «_

number of edges in G

B cr(G) <2(3) <n? (Circles intersect each other at most twice.)

mnt> cr(G)> G5 > U( ) by the Crossing Lemma.
= U(P) < cn?/3 L]




Application 2: Unit Distances

For a set P C R? of points, define
B U(P) = number of pairs in P at unit distance

] U(n) = max|p|:n U(P)

Theorem 2.
[Spencer, Szemerédi, Trotter '84, Székely '97]
U(n) < 6.7n*/3

Proof sketch.

some constant

mUP)<d"m «_

n® > cr(G) > &
iU(P)Scn/
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Remark: This problem made recently (May 2026)
news in popular media to be solved by Al.

‘Spektrum de

= ;(I widerlegt eine bedeutende
Vermutung der Mathematik

The team from OpenAI found a lower bound example
with U(n) > n'*¢ for some constant € > 0,

disproving an 80-year old conjecture by Erdos. Later,
various researchers fixed the constant to € > 0.03583.

https://cdn.openai.com/pdf/
74c24085-19b0-4534-9c90-465b8e29ad73/unit-distance-proof.pdf

https://www.erdosproblems.com/forum/thread/90

https://teorth.github.io/optimizationproblems/constants/84a.html

number of edges in G

B cr(G) <2(3) <n? (Circles intersect each other at most twice.)

> U( ) by the Crossing Lemma.


https://www.erdosproblems.com/forum/thread/90
https://teorth.github.io/optimizationproblems/constants/84a.html
https://cdn.openai.com/pdf/74c24085-19b0-4534-9c90-465b8e29ad73/unit-distance-proof.pdf
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