q [ZWW;’- Hilbert spaces %/4- p 7H)

Definition: A Hilbert space is a real or comple;‘vector space Which is also a complete
metric space with respect to the distance functio the inner product.

e linear kernel, all we used were properties of inner product

some mapping, H a Hilbert space with scalar product (-, )

» Remagki=ta

YY) =

is positive definite:

2

5

n n
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» Remarkable M\gct: the converse statement is true! C/“ ‘IJ C f\j

Theorem:® For anf kernel k on X, t\ere exists a Hilbert space (H, (-,-)) and a mapping
¢ X — Hsucht
Vx,y € X, k(x,y) = d)(x [Q c( >

» Reminder: Hilbert space = inner product + complete for the associated norm (Cauchy
sequences converge in H)

» Consequence: we can think of any kernel as a dot product in the feature space

» Main idea: forget about ® and work only with kernel evaluations (more on that later)

9Aronszajn, Theory of reproducing kernels, Transactions of the American Mathematical Society, 1950
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7/1 _h[X,?)=k[r;,>(d>
Proof in the finite case
assume thaj ={xy,...,xn} t finite of size N
» any kernel K'is entirely y the N x N positive semi-definite, matrix

K= (ki) opect ”

> we can diagonalize K in an orthonormal basis (uy, .. uN) with associated (non- negative)
eigenvalues \p,..., A\y: K = UAUT, with U.; = u;, AN =diag()), uuTr=uTu =

» then we write

X,,XJ (Z )\/U@Ug >
ij

p

N
Z i(ue) i = <¢(XI)7¢(XJ)> )

=1

d(x;) := (\/x(m);, e 7\/Y”(UN)i)T '

with

O
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5.2. Reproducing kernel Hilbert spaces

(RKHS)



vvyVvyVvyyvYyy

‘Ejﬁ—

Function spaces

. i
among all spaces # the preV| :) ent, one of them has i 2o properties

in particular, it is a space of functions

£
i.e., we can map each point x € X, to a function ®(x) = ky € H
Example: X = R, we map each x to the function t — xt

— space of linear functions
more complicated in general... f

’)(« —



Reproducing Kernel Hilbert Spacq . tp‘ﬂ
C—2 g tliy)-op[-0-)F) .
\ = x ‘

Definition: let X’ be a set and H be a function spaceNguming a Hilbert space with inner
product (-,-). The function k : X x X — R is called a repMducing kernel of H if

» 7{ contains all functions of the form k, : t — k(x, t)

» for every x € X and f € H, the reproducing property holds:

r

’, f(x) = (f, k).

‘—"H

> if a reproducing kernel exists, then H is called a reproducing kernel Hilbert space (RKHS)
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=4 #)¢ IR
X[ 3 Equivalent definition

.

Theorln’:,the Hilbert space H C R is a RKHS if, and only if, for any x € X, the
mapping f — f(x) is continuous.
\

4

%o » Proof of =: let k be a reproducing kernel, x € X and f, — f in H ‘) [Y; (g)}

> we write /“ o em[’
Pt ‘M'd e

| (fp—f, k
<|fa—f ]e
S SN
by Cauchy-Schwarz inequality.

> ||f, — ] — 0 and we can conclude J) 21, 2%3/ ,-f[x), M) 'kb

emark: ||k||> = (ky, ky) = k(x x), thus |f(
PP Rt LT A s



Continuity ctd.
Bt

> Proof of <: let x € X

» by the reproducing property, L : x — f(x) is a linear functional
F\m there exists £, such that L(x) = (f, {y)

> define k(x, y = £¢,(x)

> one can check Yeadily the RKHS properties.

R eig'frufc&\l*
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Uniqueness

Theorem: if H is a RKHS, then it has a unique reproducing kernel. Conversely, a function
k: X x X — R can be the reproducing kernel of at most one RKHS.

> we talk aboKHS associated to k
> Proof: let k 3md k' be two reproducing kernels k‘
» then for all x € X,
ke — KLI* = (ke — o <k ley> '41"‘ /t > /
* X ) -— ‘ky, "V"' /t)7

/:/;/t"x— X/r—%m};&)
- (v D
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EX. GN%'W"

'inalence psd / RKHS

*

L
>

kerne

Theoiem: a function k : X x X — R is positive definite if, and only if, it is a reproducing

"(“H’/" e >) )

> ldea: build H as the/umn of

HO — E ()[,'k(',X,') HGN,aiGR,XieX
{f—l w‘
Ky

» Remark: showing that a kernel is positive definite is enough to get ® and H with the

reproducing property “for free"
e: IxX—F (Y
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>< Example

» Example: polynomial kernel of degree 2:

k(x,y) = (x"y)?.

proved during the exercise session:

k(x,y) = G yy e,

thus k is positive definite
» Question: what is the RKHS?

» we know that H contains all the functions

f(x) = Z aik(xi, x) = Z ai<XiX,-T

i

xx) = <Z aixix; ,xx )
i
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Example, ctd.

spectral theorem: any symmetric matrix can be decomposed as ) . aix;x;"

candidate RKHS: set a quadratic functions
fs(x) = (S, xx ") = x" Sx,

with S symmetric matrix of size d x d
inner product on H:
(fs,fsr) = (S, S")F
we can check that 7 is a Hilbert space (isomorphic to S9*9)

finally, we check the reproducing property
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5.3. More examples



Elementary properties

Proposition: Let k; : X X X — R be a (potentially infinite) family of p‘.d

. kernels. Then
> for anhe sum Y7 Aik; is positiveddefinite [ ow w 7 \
» for any ai,...,ap € N, the product kf* - - - kp? is positivédefinite [@\(/\ WH‘P‘? ’

> if it exists, the limit k = limp_, o kp is positiveBdefinite

Moreover, let X; be a sequence of sets and k; positive kernels on each X;.

p

k(05 %p)s (a5 ) o= [ ] ki i)
i=1
X=(%,% S,

k(x5 %0)s (V1,5 Yp)) == Z ki(xi, yi) t[

and

are positive definite kernels.

Then

k: xR~

3 s [‘,a/n b)
Xlaw s “0‘“‘6

(+ M.)K k&, r‘ﬂl«)

K

(4

)
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NoV aw /C

J aking the exponential ?” \-2-~-p

2 0

Theorem: if k is a positive definite kernel, then e¥ as well.

» Proof: we write

n p
ek()<7y) = lim Z k(Xay)

p!

n—-+o00
p=0

then reason step by step.

> by the product property, k(x,y)P is a kernel for any p >

n k(x,y)?
p=0 p!

> as a positive linear combination of kernels, >

> finally, eX is a kernel as a limit of kernels.

)

0

is a kernel for all n > 1
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5.4. The kernel trick and applications



()QW‘A,\SI A H The kernel trick _
Q -

» input data x, ...,

> k: X xX I@FWT itR associated RKHS H

> we call ®: X — H the feature map H
> ldea: imagine that our algorithm only depends on scalar products x;' x;

>

then we can map the x; to H and replace the inner products by kernel evaluations, since
(®(x:), ©(x;)) = k(xi, ).

» simple “trick” with many, many applications

QX m,f/q,—)?



A3

Example

> we can write <)( .a 3’>

((x)
(®(x), ()>

> Example: computing distances /Dﬁ N
» suppose that our algo felies on distance computation +
¢ \A-}\m I
> thatis, |[x — y|° = -
y)

19(x) = & (y)|I*

d(x) — d(

)
2(0(x), ®(y)) + (®(y), ®

19(x) = S()II* = k(x,x) = 2k(x,¥) + k(y,¥)-

ip other words,
MHM L dy(x \/kxx

> as pr ised, we do not need to know ¢!

—2k(x,y) + k(y,y

)

_ lc(x. )
Zu«,.,»?v







5.5. The representer theorem



Motivation '\'

————m?

let us imagine that we takd / as hypothesis class \

starting from regularized ERM, our optimization problem will logl like

arg min Ly, F(x:)) + A ||f
ngH{Z(y w !

. , . . . .
we penalize by the norm because it is an indicator of the smoothness of f

Why? Cauchy-Schwarz + exercise:

[F0) = FW)l = [(Fs ke = k)| S IFIL- ke = Ryl =[£Il - da(x, y) -

Eq. (%) is a complicate problem, potentially infinite-dimensional

Question: how to solve it in practice?

"‘“ |7= Z‘f/" >
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