Theory of Machine Learning

Exercise sheet 10 — Session 10

Exercise I (dual norms) ¢*. Let p € [1,400) and ¢ such that 1/p + 1/¢ = 1. Recall that

d 1/p
vueR?, |, = (Z ui”> ,

i=1
and that, for any norm Q on R?, we define the dual norm of by

Vu € RY, Q*(u) == sup u'f.
0:2(0)<1

The goal of this exercise is to show that the dual norm of ||-[|, is ||-[[,.
1. Show that
sup u'f < [Jull, -

ol <1

2. Define 6 coordinate-wise as 6; := sign (u;) |us|?"". Show that uT6 = [Jullg-

3. With the previous 6, show that |||, = Hu||gfl.

4. Set v :=0/]6]|,. Show that ulv= |ull, and conclude.

Exercise II (Massart’s lemma) ¢*. Let us assume that G is finite, that is, G = {g1,...,gm}-
Let us assume further that = > " | g;(X;)> < R? for all j € [d]. Show that the Rademacher
complexity of the function class G satisfies

2logm

Ra(9) < R.

n
For simplicity’s sake, we consider the X;s fixed.
1. Given A > 0, show that

sup 6:’9(-&‘)1) < ZEE lexp (/\Z&g(Xi))] .
1 i—1

9€9 = IS4

exp ()\]E‘g

(Hint: Jensen’s inequality and property of sup.)

2. Show that
gEZgIEs exp (A > sl-g(Xi))] = gez;l:[l %(exp (Ag(X:)) + exp (—Ag(X3))) -

(Hint: independence of the ;s and direct computation of the remaining expectation.)
3. Using % <e?’/2 (for all z € R), show that
> T 5(ep (g(X0) +exp (=Ag(Xi)) < D _exp | 5D 0(X)? | -
gegi=1 g€g i=1

4. Show that

P nA2R?
> exp (229(&)2) < meXp< 5 ) :
=1

geg

(Hint: refer to the assumptions in the exercise statement on g and G.)



5. By putting everything together, show that

1 AR?
’ < —1 —_—
R,(G) < = ogm + 5

6. Show that \* = % 210% minimizes the previous bound.

7. Show the Massart’s lemma bound.

Exercise III (contraction principle) ¢*. Let us assume that ¢;,; for ¢ € [n] are functions
on O such that for each i € [n], 6,0’ € © and L > 0,

9i(0) — ¢i(0")| < L |1i(0) — i (6")] -

{5 ool <= (g oal]

Hint: reason by induction on n, and take expectation on €,41.

Prove that

E <E




