
Single function

I scaling by ¸Œ, we obtain:

Proposition: Let (X1, Y1), . . . , (Xn, Yn) be i.i.d. observations of p and f0 be a fixed
predictor. Then, for any ” œ (0, 1/2), with probability greater than 1 ≠ 2”,

R(f0) ≠ R̂(f0) <
¸ŒÔ
2n

Ú
log 1

”
,

where ¸Œ is an upper bound on ¸(Yi , f (Xi)).
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From sup to expectation

I Problem: there is often more than one function in H...
I still possible, using for instance:

Proposition (McDiarmid’s inequality):6 Let Z1, . . . , Zn be independent random
variables and F a function such that

|F (z1, . . . , zi≠1, zi , zi+1, . . . , zn) ≠ F (z1, . . . , zi≠1, z
Õ

i , zi+1, . . . , zn)| Æ c .

Then
P (|F (Z1, . . . , Zn) ≠ E [F (Z1, . . . , Zn)]| Ø t) Æ 2exp

!
≠2t

2/(nc
2)

"
.

6McDiarmid, On the method of bounded di�erences, Survey in Combinatorics, 1989
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Application of McDiarmid

I set Zi
··= (Xi , Yi), and

H(Z1, . . . , Zn) ··= sup
f œH

Ó
R(f ) ≠ R̂(f )

Ô
.

I Mc Diarmid tells us that, with probability higher than 1 ≠ ”,

H(Z1, . . . , Zn) ≠ E [H(Z1, . . . , Zn)] Æ ¸Œ

Ô
2Ô

n

Ú
log 1

”
.

I getting bound on E [H(Z1, . . . , Zn)] automatically yields bound on supf œH

Ó
R̂(f ) ≠ R(f )

Ô

I by symmetry, upper bound on supf œH

---R̂(f ) ≠ R(f )
---
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4.2. Rademacher complexity
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Rademacher complexity
I set Z ··= (X , Y ) and G ··= {(x , y) ‘æ ¸(y , f (x))}, with f in some function class H
I Recall: we want to bound

sup
f œH

Ó
R(f ) ≠ R̂(f )

Ô
= sup

gœG

I
E [g(Z )] ≠ 1

n

nÿ

i=1
g(Zi)

J
.

I set D ··= {Z1, . . . , Zn} the data

Definition: We call Rademacher complexity of the function class G the quantity

Rn(G) ··= EÁ,D

C
sup
gœG

1
n

nÿ

i=1
Áig(Zi)

D
,

where the Áis are independent Rademacher random variables (that is, P (Ái = ±1) = 1/2).
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Rademacher complexity, first properties

I Intuition: expectation of maximal dot-product with random labels
I measures the capacity of the set G

Properties: Rademacher complexity satisfies the following properties:
I if G µ GÕ, then Rn(G) Æ Rn(GÕ);
I Rn(G + GÕ) = Rn(G) + Rn(GÕ);
I Rn(–G) = |–| Rn(G);
I if g0 is a function, Rn(G + {g0}) = Rn(G);
I Rn(G) = Rn(conv(G)).
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Symmetrization

I Question: why is it useful?
I Rademacher complexity directly controls expected uniform deviation

Proposition (symmetrization): With the previous notation,

E
C

sup
gœG

I
1
n

nÿ

i=1
g(Zi) ≠ E [g(Z )]

JD
Æ 2Rn(G) ,

and

E
C

sup
gœG

I
E [g(Z )] ≠ 1

n

nÿ

i=1
g(Zi)

JD
Æ 2Rn(G) .
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Symmetrization, proof

I let DÕ ··= {Z
Õ

1, . . . , Z
Õ

n} be an independent copy of DÕ

I in particular, one has E [g(Z Õ

i
) | D] = E [g(Z )]

I we write

E
C

sup
gœG

I
E [g(Z )] ≠ 1

n

nÿ

i=1
g(Zi)

JD
= E

C
sup
gœG

I
E [g(Z Õ

i ) | D] ≠ 1
n

nÿ

i=1
g(Zi)

JD

= E
C

sup
gœG

I
1
n

nÿ

i=1
E [g(Z Õ

i ) ≠ g(Zi) | D]
JD

.
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Symmetrization, proof ctd.

I since the sup of expectation is Æ than expectation of the sup,

E
C

sup
gœG

I
E [g(Z )] ≠ 1

n

nÿ

i=1
g(Zi)

JD
Æ E

C
E

C
sup
gœG

I
1
n

nÿ

i=1
(g(Z Õ

i ) ≠ g(Zi))
J

| D
DD

= E
C

sup
gœG

I
1
n

nÿ

i=1
(g(Z Õ

i ) ≠ g(Zi))
JD

by the tower property.
I we notice that

g(Z Õ

i ) ≠ g(Zi) and Ái(g(Z Õ

i ) ≠ g(Zi)) have the same distribution

(this is what we call symmetrization)
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Symmetrization proof, ctd.

I thus

E
C

sup
gœG

I
1
n

nÿ

i=1
(g(Z Õ

i ) ≠ g(Zi))
JD

= E
C

sup
gœG

I
1
n

nÿ

i=1
Ái(g(Z Õ

i ) ≠ g(Zi))
JD

Æ E
C

sup
gœG

I
1
n

nÿ

i=1
Áig(Zi)

JD
+ E

C
sup
gœG

I
1
n

nÿ

i=1
≠Áig(Zi)

JD

= 2Rn(G)

since Á and ≠Á have the same distribution.
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