Single function

» scaling by ¢, we obtain:

Proposition: Let (X1, Y1),...,(Xs, Ya) be i.i.d. observations of p and f be a fixed
predictor. Then, for any ¢ € (0,1/2), with probability greater than 1 — 24,

- U 1
R(fo) — R(fg) < —=1/log =,
()~ R(%) < =1 log ;

where (o, is an upper bound on £(Y;, f(X;)).

110



) - .l “+%\x “v;
> still possible, using for instance: L 14"/) v’\( K7 By ,,gf\
A (% L\
N e
Proposition (McDiarmid’s inequality):® Let Z;, ..., Z, be independent random 5‘;9/::."

variables and F a function such that T«: R —=

SMcDiarmid, On the method of bounded differences, Survey in Combinatorics, 1989
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Application of McDigrmi \
s oy (A < 2lhs"

e —\5Y
> set ) \:\,/X} é’)d /
..... Z,) = sup {R(F) = R(N) } . '

loo/2 . 1
vn Vs

» getting bound on E[H(Zy,. .., Z,)] automatically yields bound on sup;cy {7@(#’) - R(f)}

»»»»» Z,)—E[H(Z,...,Z)] <

» by symmetry, upper bound on supsc4 7A2(f) — R(f)’
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4.2. Rademacher complexity



Rademacher complexity

> set Z:=(X,Y)and G :={(x,y) — £(y, f(x))}, with f in some function class H
» Recall: we want to bound

- n
. 1
E sup {R(f) = R(F)} Jﬁggg {E 6(2)] - = }iljg(z,-)} .

> set D:={27,...,Z,} the data

Definition: We call Rademacher complexity of the function class G the quantity

1 n
R(G) :=E.p|sup= > eig(Z)

Y
n
geg 14

where the ¢;s are independent Rademacher random variables (that is, P(¢; = £1) = 1/2).
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R.6)-

fep hlote )
Rademacher complexity, first properties

§a

» Intuition: expectation of maximal dot-product with random labels

» measures the capacity of the set G

>

>
>
>
>

Properties: Rademacher complexity satisfies the following properties:

if G C G/, then R,(G) < R(G'); 2%
Ri(G +G') = Ra(G) + Ru(G');

Rn(aG) = |o| Rn(G);

if go is a function, R,(G + {go0}) = R.(G);

A

R(G) = R,,(C(f?nv(g)). /‘,7)@‘57'/{4/\. ?
’ 7

ol N NG

\
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Symmetrization (M?uﬂ\@v\+ )

» Question: why is it useful?

» Rademacher complexity directly controls expected uniform deviation
uz/\\m;/u/lf\ 5 M
O

Proposition (symmetrization): With the previous notation,

E SUP{ Zg ~E[g(Z ]}

g€eg

and - )‘é(é 3 /52'%7
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_Z,
(

> let D' :={Z]

> in particular, one has E [g(Z]) | D] E[g(Z)]

> we write

geg

.....

ElSUP{E[g ]**Zg }

Symmetrization, proof

Z!'} be an independent copy of D’

#5207

[SUP {E[g(Z/)
g€g

lszg{ ZE[g (Z) -
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Ny €on<(¥a X ) [ )G € " ”mW}BZ
£x, € \rAAK/YA/Y)SB/mEeZtrlzatlonx proof ctdn.\)([ﬂ:{

w/mw ) Ealt pnx
» since the (supjof expectation is < than expectation of the(sup,>

<= [e s | St et )
sup {1 ECIE g(zf))}

g€eg =1

by the tower property V\l(yp W\a ,,:r,Z )

» we notice that

=FE

g(Z')—g(Z) and £i(g(Z]) — g(Z)) have the same distribution

(this is what we call symmetrization) _
mobon: (2= 1) Rl
E‘i/__ )?[ I > ! z

118



Symmetrization proof, ctd.

\/\/'/\/V\f\//ﬂ) p oW = W,

\

» thus
E E:g {}1 Z(g(Z,-’) — g(Zf))} =E L:lég {1 > eile(Z)) - g(Zi))}

<= |ap {53 eem}]

=2R,(9)

sup{ Z ,gZ)}

g€g

since € and —e have the same distribution.




