4. Generalization bounds

103



X /LWW[&M \J\m/w{LJQL

EA K:6 .
QML\ ﬁ’“"‘t Ny




P S
—93Z AT n poon |
VN (7r A FV\é’/la SNV\|\ I'v\b’LW\\ COV\YLH\M]’\A/*\/\Q Pav_}'

e

A X

(e (x ) i
HOO<€DC/7& d 3> fp + N ><



back 4o diserdte
£0- 2N

QXfQC%VV\JPVx /]é
A N A A
BleD) - 55

SN
V\

b

) (/\424--4/1{>



Cg)\/\%-‘( noove - (ﬁ w NV\Q, & OQQA,\Q ‘37>

/ﬁ@@é@& ST T bl
E.?de

[ 5 S

b |
\ [l 4 b
gl’« nice gdwjr‘ws/ jaﬂ}(mb( = A o conve f



Choguioo - e
A . (AT

y EE‘/\/};’/\—/ [%g?\\f": : 1/1>

CEXY ) = ED) - EIY)

, e, ELAN 1= 4 EDO .
dance X L_l N a=p R(X-x ad V=&
Fodg i) () PYP

EX oo o> W budet . b\@d



o XY Y EDYV]-EDATLY

A‘\A‘}A& LAY
EU(]%I*‘D@

Cooinngo D( X]
(\/(N\[)O L[?C 3 >

(X )‘ X= V&) = O L PO-x) ROk 4

M\II>



n/\ﬂdi(:m Wif\w vadid do ulid
@X@QC m}\ﬂa/\ = jL\f\w/w%u{i Wz@ 2\/

N= %

- $UVVW"\A/L9_,}\/\ ISTALAN

in 4 cl@%)fc? \’!Z

.Q)‘(Q E§7d’0\f\ '

W

Con ULMJ\a\/\ = /w\\/\ﬂ(ovw VLA

nN=2

X, ~ ) >
[ XV\ n \(\CL- /wwm(m Vox\)lmgio _ >? _ ) ><
n=n ¢ \

AL '
; Vo aad DJZ’>7.



Q- Vo (XD 7 ,
(X\ tLM LM

Romindsn M
— — )( X
':’ ﬁ:/)/x Z 3 *% > SuAnN

[ 'n&v

(ajm 07 )
) Vo (X ) = Vo 007 Vel ﬁ;fﬁi@ﬁ

M /r?_(a\/( /
Cov (XY= ELIX- B -EY) ) ()(UY#?&\/[X/\/)aJ



<
§
=
CS\

mywww»+ P Non ) &
Z&M“ z(oW;W

I ao” \fm[%\ﬁ



» Reminder:

gm /ﬁ € H
isk = estimation error + approximation error (
)
" ) .
> Estimation error: l/ww /L C,R« ‘ i (S

> always non-negative
» random if there is randomness in the creation of f
P characterizes how much we loose by picking the wrong predictor in a given class

> Approximation error: = F/:H D)

» deterministic, does not depend on f, only on the class of functions H
» characterizes how much we loose by restricting ourselves to a given class

heH heH

{R(f)inf R(h)} + [inf R(h)R*}

al d

0
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% Decomposition of the estimation error

» Notation (i): fi, € argmingc4 R(f), best predictor jn o ur function clas
N\J gn t }

JAS
> Notation (ii) Wa " >
> U;)e?ulodnecompomtlEn (gi\ fh> g;\H,/ R (3 > é@)

R(F) = jnf R(f) = R(F) = R(f) (def. of f3)
= R(f) - R(F )+R(f) 7Q(ﬁ-t)‘”z(fﬂ) R(fy)
< su {R(f (A} +R(F) = R(Fu) + sup {R(f) ~R(F)}
fe

» middle term is < 0 by definition, and we get

R(F) — inf R() §<2)sup ‘fz(f)fR(f)‘ . :% F(‘ﬁ)

? feEH

howd 0 ot
a
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Decomposition of the estimation error, ctd.

» Remark (i): no more dependency in f. we only need to control functions (but we do need
uniform control)
> Remark (ii): if 7 not global minimizer, say

< inf R(f
R( )_;QHR( ) +e,

we need to add ¢ to our bound
» Remark (iii): bound usually grows with size of  and decreases with n
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4.1. Uniform bounds via concentration




Concentration inequalities

» informally speaking: random variable is “close” to its expectation with high probability
» Example: Markov, Chebyshev

» more involved:

N\//‘>

DAY V) 74

Proposition (Hoeffding’s inequality): let Z;, ..., Z, be independent random variables
such that Z; € [0,1] almost surely, then, for any t > 0,

o

n

LSz - R (Z))| >

i=1

t> < 2exp (—2nt2) .

Rovdnarant, Lvgef Magant, (awﬁ m% A
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v

Single function

assume that H = {fy} and ¢ a bounded loss function

then we can control

sup R(f) = R(f)| = R(fo) - Zf Vi fo(Xi)) — E (Y, /(X)) -
€
indeed, since the observations are i.i.d., we can use Hoeffding on the Z; := ¢(Y;, fo(X;))

common expectation = R(f)
for any § € (0,1/2),

P (’7%(15) - R(fo)’ > < 2exp (2n21n log 1/5) =26,

e Io1
Jan V%85
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