
4. Generalization bounds
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X = random variable
.

C &Va , Ve , ..., Vk)

Ex: dice : k = 6
. = ,

ve = z, .

E: dice - Piet
each of the vi bus

proba"



massata paintsmall interval containingthe point
f

-
+x
P(Xe[x ,x + dx))=,dx

↳ density of X



back to discrete :

D
Ex: + . 1 + 1 . 2 +.. + 7 .

6 = ((1+z - +6)

-.
3 .
5



continuous : (if we

haveadensity "If(x)dx :"#

(f(x)dx
·
intea b



(x11
[piVi = 1

. 1 = 1)

· EIX+Y] = ELX] + EEY]
·
VxeR

,
ElaX] = <E[X]

Independance : XNY +=0 (X = x and Y= y)
=

"is independent
"

= PP(X=x)
- P(y=y)

EX : two dices .· Contenexuple : buckt.



· XWY
.

then FIXY] = EIXJELY] ·

ID not true if XWY.

Contrexample : EIX .X) = EIXY #
EIXS

-

(ran(x) := LEIXY-EIX]Y

P(X = x , X =y) P(X=X) . P(=1)
↑
AND



random variable = model for reality
expectation = theoretical average

1= 1000

= summary
information.

m
same variance 8230.



Q : Van ( Tn) ?

id King - Huygens
= EIX-2X(X) + EX1) Lo summary
= E(X) -REX)+11 info of order 2

·
Van (bX) = 5Ven(X) [E[(bX-EDX)()(

El(d(X-EX))Y
· Van (X+Y) = Van (X)

+ VanlY) #[d (X-EX(2]
+2(ov(X,Y)

where Cor(X,Y) = FIX-EX)CY-EY)] (XWYECIO)



Van /X.) = Van (Xi)
= Van (Xi)

(Vaca
-O

= 0

Var# I
Trainin



Reminder: risk decomposition

I Reminder:

R(f ) ≠ Rı =
5
R(f ) ≠ inf

hœH

R(h)
6

+
5

inf
hœH

R(h) ≠ Rı

6

excess risk = estimation error + approximation error

I Estimation error:
I always non-negative

I random if there is randomness in the creation of f
I characterizes how much we loose by picking the wrong predictor in a given class

I Approximation error:
I deterministic, does not depend on f , only on the class of functions H

I characterizes how much we loose by restricting ourselves to a given class
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Decomposition of the estimation error
I Notation (i): fH œ arg minf œH

R(f ), best predictor in our function class
I Notation (ii): f̂ empirical risk minimizer
I Useful decomposition:

R(f̂ ) ≠ inf
f œH

R(f ) = R(f̂ ) ≠ R(fH) (def. of fH)

= R(f̂ ) ≠ R̂(f̂ ) + R̂(f̂ ) ≠ R̂(fH) + R̂(fH) ≠ R(fH)

Æ sup
f œH

Ó
R(f ) ≠ R̂(f )

Ô
+ R̂(f̂ ) ≠ R̂(fH) + sup

f œH

Ó
R̂(f ) ≠ R(f )

Ô

I middle term is Æ 0 by definition, and we get

R(f̂ ) ≠ inf
f œH

R(f ) Æ 2 sup
f œH

---R̂(f ) ≠ R(f )
--- .
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Decomposition of the estimation error, ctd.

I Remark (i): no more dependency in f̂ , we only need to control functions (but we do need
uniform control)

I Remark (ii): if f̂ not global minimizer, say

R̂(f̂ ) Æ inf
f œH

R̂(f ) + Á ,

we need to add Á to our bound
I Remark (iii): bound usually grows with size of H and decreases with n
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4.1. Uniform bounds via concentration
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Concentration inequalities

I informally speaking: random variable is “close” to its expectation with high probability
I Example: Markov, Chebyshev
I more involved:

Proposition (Hoe�ding’s inequality): let Z1, . . . , Zn be independent random variables
such that Zi œ [0, 1] almost surely, then, for any t Ø 0,

P
A-----

1
n

nÿ

i=1
(Zi ≠ E [Zi ])

----- Ø t

B
Æ 2exp

!
≠2nt

2"
.
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- EZi)=

2
,
...
Inid -
L
I

empirical true average/
average common expectatio



Probabilisticuppen bounds : assume H = 1f3

Parf) < t) 1- 3 : 99% Copper
bound

point of view↑ f =

2

(2x : 8 = 0.01)

·
(H)-R(f) < 1000, with probabilitie

0 .8)
M
#



Cbysher : P(1Z-E217) G identically distributed

z : =R(f) ,
Fl = R(f).

Q: Var (2) ? (reall that (Xi ,Y:) are
lindendent)

Van((Yi ,(i) Ei[Van (l(Y:, f(xi))

X+y) =Von(X)·+Von (Y) -

+2(o(X,Y)



Nunoindependentcase : 2 =2 =...
= In

Van(2) = Van ( +R . +2 ,
+.. +
2
,)( =

Van (21) (



let us sayI is bounded (c)
Ex: 1 = 0-1-loss =o 1x = 1.

(((y ,y) = 1y+y)

Q: van (l(,f(x))) ->?

ELEEO
/ele)

better : Popoviciu's inequality : A



so far : · P(/ & (f) -R()) >+) < VanceyY

· Van (e(Y
,
f(x() -> 41

= (i)-r()k +)
"Lin



with probability at least 1-8,ottom
R()-R(f)- R(f) ,

R(f)-s[av]

Example:9
% probationa

R)-RA). n = 100 := 10,

really bad.
n = 10% = 103.

=
0

-o 1) need n high

Of rate-e 2) need smarter
concentration
inequalities.



Single function

I assume that H = {f0} and ¸ a bounded loss function
I then we can control

sup
f œH

---R̂(f ) ≠ R(f )
--- = R̂(f0) ≠ R(f0) = 1

n

nÿ

i=1
¸(Yi , f0(Xi)) ≠ E [¸(Y , f0(X ))] .

I indeed, since the observations are i.i.d., we can use Hoe�ding on the Zi
··= ¸(Yi , f0(Xi))

I common expectation = R(f0)
I for any ” œ (0, 1/2),

P
A---R̂(f0) ≠ R(f0)

--- Ø 1Ô
2n

Ú
log 1

”

B
Æ 2exp

3
≠2n

1
2n

log 1/”

4
= 2” .
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Reall: CHoeffding) P(/2-E2/? + ) < explant
say
that 2 : /Y;,Exi , 11.1

=> P(( R (A) - R()) +) = zexp(-2nE) = S
the proba .

<1%?

Q: what choice of threshold
t to

gran

exp(-2n+2)
= ( = -

Ent = logz
= t =je

↑- "indits inn



nAfm
Xi + ( - 1

,
+ 1)

P(X ,

= -1)=P(X, = + 1)

ELEXi]EXi =0*=! . (- n +t - (+ )

= 0 .



Noindependent: Xi = Xz = ..+Yn

EXi = nX1 - P(Xn = - 1) = P( = + 1) = 2

P(([Xik m) = P((nX- ) > m)
=IP((X)> )
= (1))
= 1 (wherevern > 2)


