4. Generalization bounds
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Reminder: risk decomposition

» Reminder:

R(f) — R* = R(f)higLR(h)} + [hig?f_[R(h)R*}

excess risk = estimation error + approximation error

» Estimation error:

» always non-negative

» random if there is randomness in the creation of f

P characterizes how much we loose by picking the wrong predictor in a given class
» Approximation error:

» deterministic, does not depend on f, only on the class of functions H
P characterizes how much we loose by restricting ourselves to a given class
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Decomposition of the estimation error

» Notation (i): fi; € argmingc4 R(f), best predictor in our function class
> Notation (ii): 7 empirical risk minimizer
> Useful decomposition:

R(F) = inf R(F) = R(F) = R(f) (def. of fiy)

» middle term is < 0 by definition, and we get

R(F) — inf R(f) < 2 sup ﬁ(f)fR(f)‘ .
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Decomposition of the estimation error, ctd.

» Remark (i): no more dependency in f. we only need to control functions (but we do need
uniform control)
> Remark (ii): if 7 not global minimizer, say

< inf R(f
R( )_;QHR( ) +e,

we need to add ¢ to our bound
» Remark (iii): bound usually grows with size of  and decreases with n
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4.1. Uniform bounds via concentration



Concentration inequalities

» informally speaking: random variable is “close” to its expectation with high probability
» Example: Markov, Chebyshev

» more involved:

Proposition (Hoeffding’s inequality): let Z;,. .., Z, be independent random variables
such that Z; € [0,1] almost surely, then, for any t > 0,

1 n

o

=Y (Z-E[Z)

i=1

> t> < 2exp (—2nt2) .
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Single function

assume that H = {fy} and ¢ a bounded loss function

then we can control

sup R(f) = R(f)| = R(fo) - Zf Vi fo(Xi)) — E (Y, /(X)) -
€
indeed, since the observations are i.i.d., we can use Hoeffding on the Z; := ¢(Y;, fo(X;))

common expectation = R(f)
for any § € (0,1/2),

P (’7%(15) - R(fo)’ > < 2exp (2n21n log 1/5) =26,

1 Io1
Jan V%85
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Single function

» scaling by ¢, we obtain:

Proposition: Let (X1, Y1),...,(Xs, Ya) be i.i.d. observations of p and f be a fixed
predictor. Then, for any ¢ € (0,1/2), with probability greater than 1 — 24,

- U 1
R(fo) — R(fg) < —=1/log =,
()~ R(%) < =1 log ;

where (o, is an upper bound on £(Y;, f(X;)).
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From sup to expectation

» Problem: there is often more than one function in H...

» still possible, using for instance:

Proposition (McDiarmid’s inequality): Let 73, ..., Z, be independent random variables
and F a function such that

|F(z1,. - 2Zi1,2iyZis1y -, 2n) — F(21, -+ -y Zi1, 20, Zig1, -+, Z0)| < €.

Then
P(|F(Z,...,Z,) —E[F(Z,...,Z,)]| > t) < 2exp (—2t°/(nc?)) .
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Application of McDiarmid

> set Z; := (X, Y;), and

H(Zs, .. 2:) = sup {R(f) _ﬁ(f)} .

» Mc Diarmid tells us that, with probability higher than 1 —§,

tooVZ [T
Jn V85

» getting bound on E[H(Zy,. .., Z,)] automatically yields bound on sup;cy {7@(#’) - R(f)}

[y

H(Zy,...,Z)) —E[H(Z,...,Z,)] <

» by symmetry, upper bound on supsc4 7A2(f) — R(f)’
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4.2. Rademacher complexity



Rademacher complexity

> set Z:=(X,Y)and G :={(x,y) — £(y, f(x))}, with f in some function class H
» Recall: we want to bound

sup {R(1) ~ R(N)} = sup {E[g 1~Zg }

> set D:={27,...,Z,} the data

Definition: We call Rademacher complexity of the function class G the quantity

supr&:g

gEC/ i=1

Rn(g) *E D

where the ¢;s are independent Rademacher random variables (that is, P(¢; = £1) = 1/2).
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Rademacher complexity, first properties

» Intuition: expectation of maximal dot-product with random labels

» measures the capacity of the set G

Properties: Rademacher complexity satisfies the following properties:
> if G C G, then Ry(G) < Ry(G');
> Ra(G+G') = Ra(G) + Ra(G');
> Rn(ag) = || R.(9);
> if go is a function, R,(G + {go}) = Ra(G):
> R,(G) = Ru(conv(G)).
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Symmetrization

» Question: why is it useful?

» Rademacher complexity directly controls expected uniform deviation

Proposition (symmetrization): With the previous notation,

E SUP{ Zg — E[g( )]} < 2R,(9).
_geg

and

E sup {E[g(Z)l - },Zg(Z;)} < 2Rq(9)-
[8< i=1 _
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Symmetrization, proof

> let D' :={Z],...,Z} be an independent copy of D’
» in particular, one has E [g(Z]) | D] = E [g(2)]

> we write
E[SUP{Elg ]**Zg }— LEQ{E[g ID]**Zg }
tgg{ ZE[g (z)) - )ID]H

geg
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Symmetrization, proof ctd.

» since the sup of expectation is < than expectation of the sup,

E | sup {]E [¢(2)] - },_Zg(zf)} <E lE Ls;g {}1 > _(&(Z) - g(Zi))} | DH
_® lZ'éE {1 > (e(Z) - g(z,-))}

by the tower property.
> we notice that

g(Z)—g(Z) and ¢ei(g(Z!) — g(Z)) have the same distribution

(this is what we call symmetrization)
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Symmetrization proof, ctd.

» thus

E E?B {1 > (e(2)) - g(z,-))}

i=1

=E lsup {1 > eile(Z)) - g(Zi))}

geg | N i—1
1 n

sup cig(Z supq —~ > —cig(Z)

L'eg { Z } geg { n ; }

=2R,(9)

since € and —e have the same distribution. O
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Example: linear predictors

» let Q be a norm on RY
» assume H = {07 ¢(x),Q(0) < D}
» then

where Q* is the dual norm of Q:
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Example: linear predictors, ctd.

» when p € [1,400) and Q is the p-norm, Q* is the g-norm with 1/p+1/g =1
» = Rademacher complexity computations boil down to expected norm

computations

» let us do this for the 2-norm:

D

D
Si
n

[ll®7ell]

i [HQ’TEH? (Jensen's inequality)

= %\/]E [trace (¢ Tec Td)]

= By/E[trace (¢TO)] = D
n n

_b
SV

SE[OT0)]= 2, | SE[le(x)F]
i=1 i=1

E [||gp(x)||2] = dimension-free bound with the same ratel!
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Example: linear predictors, ctd.

> we can get a bound on the estimation error:

Proposition: assume that £ is L-Lipschitz and continuous. Consider linear predictors with
bounded coefficients, that is, fy(x) = 8T ¢(x) with ||f|| < D. Assume further that

E [||<p(X)H2} < R2. Let f be the empirical risk minimizer. Then

. {R(?)] < iy RUo) + 4i/RﬁD '

> Remark (i): does not depend on exact expression of the loss

» Remark (ii): does not depend on the dimension
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Proof of the proposition

» recall the decomposition of the estimation error:

R(?)—figLR(f) SQ?E% R(f) — R(f)] .

» by symmetrization:
E [R(%)} — inf R(f) < 4R,(H).

» set F := {fp,||0]| < D}. Since the loss is L-Lipschitz, by contraction (see exercise),
Ry(H) < LRa(F) -

» by previous computation,
Ra(F) <

58
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