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Motivation – Layered Orthogonal Edge Routing
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Motivation – Layered Orthogonal Edge Routing

upper layer

lower layer

■ distinguish between left-going and right-going edges

■ only edges going in the same direction and overlapping partially
in x-dimension can cross twice

⇒ induce a vertical order for the horizontal middle segments
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Definition – Directional Interval Graphs
Interval representation: set of intervals

a
b c

Directional interval graph:

■ vertex for each interval

a

b c

■ undirected edge if one interval contains another

■ directed edge (towards the right interval) if the intervals overlap partially

Mixed interval graph:

■ vertex for each interval

■ for each two overlapping intervals: undirected or arbitrarily directed edge
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Find a graph coloring c : V → N such that:
[Sotskov, Tanaev ’76; Hansen, Kuplinsky, de Werra ’97]
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■ coloring in linear time by a greedy algorithm

Directional interval graphs:

■ recognition in O(n2) time

■ coloring in O(n log n) time by a greedy algorithm
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agenda for this talk

our contribution
not in this talk
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Theorem 1:
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Proof sketch:

■ Let G+ be the transitive closure of G
(the graph obtained by exhaustively adding transitive directed edges to G).

■ Show: the size of a largest clique in G+ equals the maximum color m in c.

⇒ The coloring c uses the minimum number of colors.
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the left endpoint of vi. 1
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Overview

Find a graph coloring c : V → N such that:
[Sotskov, Tanaev ’76; Hansen, Kuplinsky, de Werra ’97]

Interval graphs (no directed edges):
■ coloring in linear time by a greedy algorithm

Directional interval graphs:

■ recognition in O(n2) time

■ coloring in O(n log n) time by a greedy algorithm

Mixed interval graphs:
■ coloring is NP-complete

Directed graphs (only directed edges):
■ coloring in linear time using topological sorting

■ undirected edge uv: c(u) ̸= c(v),
■ directed edge uv: c(u) < c(v),
■ maxv∈V c(v) is minimized.

our contribution

n := # intervals
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Coloring Mixed Interval Graphs
Theorem 2:
Deciding whether a mixed interval graph admits a k-coloring is NP-complete.
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Deciding whether a mixed interval graph admits a k-coloring is NP-complete.
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■ For the more general case of mixed interval graphs, coloring is NP-hard.
(Remark: NP-hardness requires both directed and undirected edges.)
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Let I be a set of intervals.
Let M(I) be the set of inclusion-wise maximum elements in I .

Let G = C[I ] be the containment graph induced by I .

Then C[M(I)] is a proper interval graph – no interval contains another interval.

Also note that
⋃

M(I) = ⋃ I .

Let R be an inclusion-wise minimal subset of M(I) such that
⋃

R =
⋃ I .

Claim. C[R] is an undirected linear forest.
C[R] is proper ⇒ contains no inducedProof. K1,3 and no induced Cℓ for ℓ ≥ 4.
It remains to show that C[R] contains no triangle.
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Let f (x) =

{
f1(x) if x ∈ R,
f2(x) + 2 else.
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This defines a proper coloring of G:

1. If x ∩ y ̸= ∅, then f (x) ̸= f (y). Check: x, y ∈ R; x, y ̸= R; x ∈ R and y ̸= R.

2. If x ⊆ y, then f (x) > f (y). Observe that x ̸= R ⇒ f (x) ≥ 3
Suppose f (y) > f (x) ⇒ y ̸= R, but f2(x) > f2(y).

Corollary. There is a 2-approximation for coloring interval containment graphs
properly. Given n intervals, the algorithm runs in O(n log n) time.
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Theorem. Given a set I of intervals and a positive integer k,

it is NP-hard to decide whether χ(C[I ]) ≤ k.

Proof. By reduction from (exact) 3-Sat, where each clause has exactly 3 literals.

Let φ = C1 ∧ C2 ∧ · · · ∧ Cm be an instance of 3-Sat with variables {x1, x2, . . . , xn},
and let H = 5m + 1.
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We construct a set Iφ of intervals.
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Clause Gadget

1

H

x1 false x2 false x3 true x4 true x5 false

5i

Example for (¬x2 ∨ ¬x4 ∨ x5) ∧ (x1 ∨ ¬x3 ∨ x4) ∧ (¬x1 ∨ x2 ∨ x3).
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Clause Gadget

1

H

x1 false x2 false x3 true x5 false

5i

x4 false

Example for (¬x2 ∨ ¬x4 ∨ x5) ∧ (x1 ∨ ¬x3 ∨ x4) ∧ (¬x1 ∨ x2 ∨ x3).

The graph C[Iφ] admits a proper coloring with H colors ⇔ φ is satisfiable. □
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Summary

Mixed interval Coloring Recognition
graph class complexity lower bound upper bound approximation

containment NP-hard 2ω−1 2ω−1 2 O(nm)
directional O(n log n) 1 O(n2)
bidirectional NP-hard 2 open
general NP-hard (λ+2)ω/2 (λ+1)ω min{ω, λ+1} O(n+m) [LB79]
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