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The Consumption-Saving Model
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1. General Euler equation

Question:
Write down the Euler equation in general terms and describe its
economic intuition.

Consumption Euler equation

u'(Ce) = B(1+ re)u' (Ceqn)

o) Bt n

Derivation:

max U = u(C¢)+ Bu(Ces1)
Ct,Cry1
Cer1 v Yit1

t G =
° t+1+rt t 1+I’t
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1. General Euler equation

Question:
Write down the Euler equation in general terms and describe its
economic intuition.

Consumption Euler equation

u'(Ce) = B(1+ re)u' (Ceqn)

ey P

Intuition:

At an optimum, the household picks C; and C; 1 so that the
marginal utility of period t consumption, u(C;), equals the marginal
utility of period t + 1 consumption, u(Csy1), multiplied by the
gross real interest rate
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2. Consumption smoothing

Question:
Consider a consumer with a lifetime utility function

U=InC+BInCeyq
The period t and t + 1 budget constraints are

G+S5=Y:
Cer1+Sep1=Yer1 +(141)S:

a) What is the optimal value of S;;1? Impose this optimal value and
derive the lifetime budget constraint.

b) Derive the Euler equation.
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2. Consumption smoothing: budget constraint

General budget constraint:
C+ St =Y
Rearrange (2):
S — Civ1 |, Stv1 Yen

t

T 14r 14 B 1+r
St+1 = 0 [a) Recall why!)]

Plugging (3) into (1) and rearrange yields:

C Y,
C+ tHl _ t41

1+r t+1—|—r
C1 Yir1
Ct+l+r _Yt+1+r

PV of consumption PV of income

Cer1+Se41=Yer1 +(141)S:
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2. Consumption smoothing: Euler equation

max U =1InC:+ BInC,
Ce.Con e PInCeis
C}+1 y/t+1
t. G =Y,
s t+ 1+rt t l—l—rt
L :
agrange r_
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2. Consumption smoothing: Euler equation

max U =1InC:+ BInC,
Ce.Con e PInCeis
Ct+1 Yt+1
t. G =Y,
s t + 1 + rt t 1 + rt

Lagrange: Yiiq
=InC+BInC ALY, o
L n t—i—ﬁn t+1 + <t+1+rt
L _
oG

Cii1

t_1+rt

)
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2. Consumption smoothing: Euler equation

max U =InCi+ BInCeyq

Ct, Gy
Ct+1 v Yt+1
1 + rt t 1 + rt

s.t. Ct +

Lagrange:

Yier o Ct+1)

ﬁ:InCt+ﬁ|nCt+1+)\<Yt+1+rt t 1+rt

oL 1 1
oL
aCt+1
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2. Consumption smoothing: Euler equation

max U =InCi+ BInCeyq

Ct, Gy

Cet1 Yitr1
t G =Y,
s t+ 1+rt t l—l—rt

Lagrange: Yiiq
ﬁ:ln Ct—i—ﬁlnCt_,_l—i—)\ <Yt+ lf:'rt _

9L 1 1

G G 0=1=¢
oL — p Y 1 :OiA:M

G111 G 1+r Cei1

Cii1

t_1+rt

)
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2. Consumption smoothing: Euler equation

max U =InCi+ BInCeyq

Ct, Gy

Cet1 Yitr1
t G =Y,
s t+ 1+rt t l—l—rt

Lagrange: Yiiq
ﬁ:ln Ct—i—ﬁlnCt_,_l—i—)\ <Yt+ lf:'rt _

9L 1 1

G G 0=1=¢
9L — P —A 1 —OéA:M

G111 G 1+r Cei1

1 B N
(l—l—r)Ct CtJrl

Cii1

t_1+rt

)
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2. Consumption smoothing: Euler equation

max U =InCi+ BInCeyq

Ct, Gy

C Y,
s.t. Ct + t+1 = Y t+1

1+rt_ t l—l—rt

Lagrange: Yiiq
ﬁ:ln Ct—i—ﬁlnCt_,_l—i—)\ <Yt+ lf:'rt _
9L 1 1
aCt Ct 0= Ct
oL _ B 1 1 :O:>/\:/3(1+r)
G111 G 1+r Cei1

G G BCt

i 18(1+r):>ct+1:(1+r)

Cii1

t_1+rt

)
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2. Consumption smoothing

Question:
Consider a consumer with a lifetime utility function

U=In Ct‘l—’Bln Ct+1

The period t and t + 1 budget constraints are

c)

Ct+5t = Yt
Cer1+Se41=Yer1 +(141)S:

Graphically depict the optimality condition. Carefully label the
intercepts of the budget constraint. What is the slope of the
indifference curve at the optimal consumption basket, (C;", C;f, 1)?

Graphically depict the effects of an increase in Y;; 1. Carefully label
the intercepts of the budget constraint. Is the slope of the
indifference curve at the optimal consumption basket, (C/, Ct*H),
different than in part c?
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2. Consumption smoothing: indiff. curve

Cer1

*
Ct+1
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Cen

A+7r)Y +Yey

— r*
Yt+1 - Ct+1

2. Consumption smoothing: indiff. curve

9/28



2. Consumption smoothing: indiff. curve

Cera

A+r)Y +Y

'
u'(C) 7(1 + T) — _Cea1

/ T B (Cr) BC,

—
Yo =Chqfm-mmm---

s
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2. Consumption smoothing: increase in Y;y1

A
Ceir

A+1)Y+ Yo

—_— *
Yoi11 = Cops1

U=U;,

C:)t Y Yiig C,
’ Y an
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2. Consumption smoothing: increase in Y1

A
Cir1
A+1)Y+ Y104

U=U;

Yor=Coy: Y, + Yit41
1+nr
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4
Ct+1

A+1)Y+ Y104

*
1,t+1

2. Consumption smoothing: increase in Y1

u'(Cy)

=-(1+7r)=-42

/ﬂu'(5:+1) B BC,

> C,;
Ci: y, 4 YL
) +
@+
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2. Consumption smoothing: taxes

Question:
Consider a consumer with a lifetime utility function

U=InC+BInCeyq
The period t and t + 1 budget constraints are

CG+S5=Y:
Cer1+Sep1=Yer1 +(141)S:

e) Now suppose C; is taxed at rate T so consumers pay 1 + T for one
unit of period t consumption. Redo parts a-c under these new
assumptions.
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2. Consumption smoothing: taxes

Budget constraint:

Ct+5t: Yt

Cev1=Yep1+ (14 1)S;

12/28



2. Consumption smoothing: taxes

Budget constraint:

(1+T>Ct+5t: Yt

Cev1=Yep1+ (14 1)S;
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2. Consumption smoothing: taxes

Budget constraint:
(1+T>Ct+5t = Yt
Cey1=VYer1+(1+1)S:

1 1

=S = Ty G Ty Ve
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2. Consumption smoothing:

Budget constraint:

(1+T>Ct+5t: Yt

Cev1=Yep1+ (14 1)S;

1 1
St = ——Ciy1 — —Y,
= Ot 11r t+1 11 t+1
(1+T)C+ L C Y—I—LY
tt 1, t+1 = 1+ t+1

taxes
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2. Consumption smoothing: taxes

Euler equation:

max U =InC;+ BIn Ceyq

Ct,Cr1

Ct+1

i (1 =
s.t (+T)Ct—|—1+r T+ 7

Yit1 Ciy1
max U=InGC+BInCip1+A|Y:+ - 1+7)CG — ——
Ce.Corn e ThInCeis tt, oG
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2. Consumption smoothing: taxes

Y, C
max U=InCi+BInCoy1+A|Yet 2 —(1417)C — 2

Ct,Cei1 1+r 1+r
FOCs:
JaL 1 1
— == —A(1 =0=2A=—
ac ~ ¢ MY G+
oL = 'B —A 1 =0= A= M
0Cr1 G 1+r Ci1
. Ct+1 _
Euler-Equation: = (1+n(1+71)
BC: —_—
~~— Slope budget constraint

Slope Ind— Kurve
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2. Consumption smoothing: taxes

A
Ct+1

A+1)Y+ Yy

*
t+1

tta
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2. Consumption smoothing: taxes

A
Cii1

A+1r)Y +Yq

*
Ct+1
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Cii1
A+1)Y, + Yy

*
Ct+1

A

2. Consumption smoothing: taxes

-~ u'(Cy)
Bu'(Cy1)

u'(Cy) Cii1
-—1 147)=-Sx
e~ AHDA+T =—%0

C; 1 ( Ym) [
T\t aen

15/28



2. Consumption smoothing: taxes

Question:
Consider a consumer with a lifetime utility function

U=1In Ct—l—,Bln Ct+1
The period t and t + 1 budget constraints are

Ct + St == Yt
Cer1+ Ser1=Yer1 +(141)S;

f) Suppose the tax rate increases from T to T’. Graphically depict this.
Carefully label the intercepts of the budget constraint. Is the slope

of the indifference curve at the optimal consumption basket,

(Cf, G, ), different than in part e? Intuitively describe the roles
played by the substitution and income effects. Using this intuition,

G 3G

can you definitively prove the sign of ? It is not

T
necessary to use math for this. Describing it in words is fine.
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2. Consumption smoothing: taxes

3
Ceiq
A+ DY+ Vg

Cet1

/_(1+T)(1+T)=_pct

*
CO,t+1 __________

Up

Cov Ty Yo
! 1+t (1+7)(1+1)
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2. Consumption smoothing: taxes

4
Ct+1

*
CO,t+1
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SE

4
Ct+1

*
CO,t+1

2. Consumption

smoothing: taxes
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2. Consumption smoothing: taxes
Cerd]

IE

H Coer1
SE
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2. Consumption smoothing: taxes

Substitution effect:

The representative household substitutes away from the relatively
more expensive good and into the relatively cheaper good

It shows how the consumption bundle would change after a change
in the relative prices, where the household is compensated with
sufficient income so as to leave lifetime utility unchanged

Income effect:

The income effect is the movement from the hypothetical bundle
with a higher relative price for C; but unchanged lifetime utility to a
new indifference curve tangent to the new budget line

The household reduces, relative to the hypothetical consumption
bundle, consumption in both periods
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3. Borrowing constraint: budget and Euler equation

Question:
Consider the following consumption-savings problem. The consumer
maximizes

max _In Gt 4+ BIn Ciyq
Gt Cri1,5t

subject to the lifetime budget constraint

Ciy1 v Yii1

C —
t+1+ft t l—i—rt

and the borrowing constraint
G <Y

This last constraint says that savings cannot be negative in the first
period. Equivalently, this is saying consumers cannot borrow in the first
period.

a) Draw the budget constraint.

b) Assuming the constraint does not bind, what is the Euler equation?
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3. Borrowing constraint: budget and Euler equation

Cei1

1+nyYy,
+Yei

Yiiq

+Ye
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3. Borrowing constraint: budget and Euler equation

Cei1

1+nyYy,
+Yei

Yiiq

v
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3. Borrowing constraint: budget and Euler equation

Euler equation: S; >0

If constraint does not bind = households prefer to save in t
(5:>0)

The fact that it can not borrow is irrelevant

(G L,
B(Coyp) — FY)
Ct 1
5& =(1+r)
Cit1
o =B+
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3. Borrowing constraint: binding of the constraint

Question:
Consider the following consumption-savings problem. The consumer
maximizes

max _In Gt 4+ BIn CGiyq
Ct,Cey1,5¢

subject to the lifetime budget constraint

Ciy1 Yii1
C =Y,
t+1+ft t+1+ft

and the borrowing constraint
G <Y

This last constraint says that savings cannot be negative in the first
period. Equivalently, this is saying consumers cannot borrow in the first
period.

c) Using the Euler equation, lifetime budget constraint and borrowing
constraint, solve for the period t consumption function. Clearly
state under what circumstances the borrowing constraint binds.
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3. Borrowing constraint: binding of the constraint

Consumption function:
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3. Borrowing constraint: binding of the constraint

Consumption function:

1. Euler equation:
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3. Borrowing constraint: binding of the constraint

Consumption function:

1. Euler equation: Cry1 = B(1+r) G
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3. Borrowing constraint: binding of the constraint

Consumption function:
1. Euler equation: Cry1 = B(1+r) G

2. Budget constraint:
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3. Borrowing constraint: binding of the constraint

Consumption function:

1. Euler equation: Cry1 = B(1+r) G

2. Budget constraint: Cey1 = (14+r)Ye — (1 + 1) G + Yira
1. =2
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3. Borrowing constraint: binding of the constraint

Consumption function:

1. Euler equation: Cry1 = B(1+r) G

2. Budget constraint: Cey1 = (14+r)Ye — (1 + 1) G + Yira
1. =2

ﬁ(l + rt)Ct = (1 + rt)Yt — (1 + rt)Ct + Yt+1
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3. Borrowing constraint: binding of the constraint

Consumption function:

1. Euler equation: Cry1 = B(1+r) G

2. Budget constraint: Cey1 = (14+r)Ye — (1 + 1) G + Yira
1. =2

ﬁ(l—i—rt)Ct:(l )Yt—(l—l-rt)Ct—i-YHl

+ re
1 Yt+1>
C=—(vi+
! 1+ﬁ(t 1+r
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3. Borrowing constraint: binding of the constraint

Borrowing constraint binds if: C; > Y;
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3. Borrowing constraint: binding of the constraint

Borrowing constraint binds if: C; > Y;
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3. Borrowing constraint: binding of the constraint

Borrowing constraint binds if: C; > Y;

1 Y,
Yf<Ct—1+5<Yf+1frl)
t
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3. Borrowing constraint: binding of the constraint

Borrowing constraint binds if: C; > Y;

1 Y,
Ye< G =175 (Yt+1—t:r1)
t

1 Yt+1>
Ye < — | Vi +
i 1+/3< T4
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3. Borrowing constraint: binding of the constraint

Borrowing constraint binds if: C; > Y;

1 Yer1 )
Ye +
1+5<t 1+r

1 Yt+1>
Ye < Y: +
1+ﬁ<t 1+r

Yt<Ct

Y,
t+1 > ﬁ(1+rt)
Yi

24/28



3. Borrowing constraint: binding of the constraint

Borrowing constraint binds if: C; > Y;

1 Yt+1)
Ye +
1+5< R

1 Y,
Y, < —— <Yt+ ”1)

Yt<Ct

1+IB 1+ft
Yii1 Ciy1
1 pu—
Y, > B(1+r) C
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3. Borrowing constraint: binding of the constraint

Borrowing constraint binds if: C; > Y;

1 Y
Y, < C = (Yt+ ”1)

1+8 1+r
Ve s 1i/3 (Yﬁ 1Yj-+:t>
Yzl >B(l+r) = thtl
Y;jtl S Cg;l

24/28



3. Borrowing constraint: binding of the constraint

Borrowing constraint binds if: C; > Y;

1 Y,
Yt<Ct—<Yt+ t+1)

1+8 1+r
Y, < 1Jlr/3 <Yt + 1Y:L+r1t>
Yzl >B(l+r) = thtl
Y;jtl S Cg;l

1+gy >1+gc
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3. Borrowing constraint: example

Question:
Consider the following consumption-savings problem. The consumer
maximizes

max _In G+ BIn CGeyq

Ct,Ct1,St

subject to the lifetime budget constraint

Cey1 _ v Yit1
1+ft t 1+I’t

G+

and the borrowing constraint
Ct S Yt.

This last constraint says that savings cannot be negative in the first
period. Equivalently, this is saying consumers cannot borrow in the first
period.

d) Suppose Y =3, Yir1 =10, f = 0.95 and r = 0.1. Show that the
borrowing constraint binds.
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3. Borrowing constraint: example
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3. Borrowing constraint: example

Cii1

B(l+r)=
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3. Borrowing constraint: example

Cet1
Ce

B(l+r)=

0.95(140.1) = 1.045
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3. Borrowing constraint: example

C
B(l+re) = Zl

0.95(140.1) = 1.045

Yir1 _,10
Ye 3
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3. Borrowing constraint: example

C
B(l+re) = Zl

0.95(140.1) = 1.045

Yl’+1 ].O —
-2 _33
Ye 3
Yit1 5 Cet1
=3.3>1.045 =
Y: - G
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3. Borrowing constraint: example

C
B(l+re) = Zl

0.95(140.1) = 1.045

yi’+1 ].O —
-2 _33
Ye 3
Yit1 5 Cet1
=3.3>1.045 =
Y: - G

Income increases substantially = desire to smooth consumption but
this is not possible due to the borrowing constraint
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3. Borrowing constraint: example

Question:
Consider the following consumption-savings problem. The consumer
maximizes

max _In Gt 4+ BIn CGiyq
Ct,Cey1,5¢

subject to the lifetime budget constraint

Ciy1 Yii1
C =Y,
t+1+ft t+1+rt

and the borrowing constraint
G <Y

This last constraint says that savings cannot be negative in the first
period. Equivalently, this is saying consumers cannot borrow in the first
period.

e) Suppose there is a one time tax rebate that increases Y to 4.
Leave Yiy1 =10, B =0.95 and r = 0.1. What is the marginal
propensity to consume out of this tax rebate?
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3. Borrowing constraint: example

Marginal Propensity to Consume:

Start with deriving the consumption function for C;:
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3. Borrowing constraint:

Marginal Propensity to Consume:

Start with deriving the consumption function for C;:

oc, 2(chg (ver 1))

aY: Y;

example
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3. Borrowing constraint: example

Marginal Propensity to Consume:

Start with deriving the consumption function for C;:

oc, 2(chg (ver 1))

aY: oY;
G _ 1
Yy 1+p
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3. Borrowing constraint: example

Marginal Propensity to Consume:

Start with deriving the consumption function for C;:

oc, 2(chg (ver 1))

aY: oY;
G _ 1
Yy 1+p
1
0<——<1
1+B
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3. Borrowing constraint: example

Marginal Propensity to Consume:

Start with deriving the consumption function for C;:

oc, 2(chg (ver 1))

aY: Y;

9C: 1
Y, 1+p
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