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minimize t

subject to ∑
Mi∈M

xij = 1, Jj ∈ J

∑
Jj∈J

xij pij ≤ t, Mi ∈ M
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Task: Prove that the integrality gap is unbounded!

Solution: m machines and one job with processing time m

⇒ OPT = m and OPTfrac = 1.
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Define the “pruned” relaxation LP(T):

∑
(i,j)∈ST

xij = 1, Jj ∈ J

∑
(i,j)∈ST

xij pij ≤ T, Mi ∈ M

xij ≥ 0, (i, j) ∈ ST

But why does this LP give a good integrality gap?

LP(T) has no
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we just need to
determine if a
feasible solution
exists.
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|M| , τ], find the smallest
value of T ∈ Z+ for which LP(T) has a feasible solution.
Let T∗ be this value.
Find an extreme point solution x for LP(T∗).

Assign all integrally set jobs to machines as in x.

Construct the graph H and find an F-perfect matching P in
it (see Lemma 4 later, F is set of fractionally assg. jobs)
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Theorem. This algorithm is a factor-2-approximation
(assuming that we have an F-perfect matching).
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No better approximation algorithm is known.

For a constant number of machines, for every ε > 0 there is
a factor-(1 + ε)-approximation algorithm. [Horowitz & Sahni ’76]

For uniform machines, for every ε > 0 there is a
factor-(1 + ε)-approximation algorithm. [Hochbaum & Shmoys ’87]
(Machines have different speed, but
process jobs uniformly.)
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