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Agenda

1. Preliminary Definitions
2. Markov’s and Chebyshev’s Inequalities
— The Law of Large Numbers
3. Higher Moments and Chernoft’s Inequality

4. Master Tail Bounds
— Applications




Tail Bounds

e Continuous Random Variables

® x: Real Random Variable in (—o0, +0)

® Probability Density Functions (PDF):
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Tail Bounds

® Continuous Random Variables

® x: Real Random Variable in (—oo, +0)

® Probability Density Functions (PDF): IP (a<x<b)=
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Tail Bounds

e Continuous Random Variables

® x: Real Random Variable in (—o0, +0)

® Probability Density Functions (PDF):
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2. Markov’s and Chebyshev’s Inequalities
— The Law of Large Numbers

3. Higher Moments and Chernoft’s Inequality

4. Master Tail Bounds
— Applications



Markov’s Inequality

g )

Thm. Let x be a random variable > 0. Then, for a > 0:
P(x >a) < H(x).
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Proof.  Assume f(x) is the PDF of x.
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Markov’s Inequality

s , )
Thm. Let x be a random variable > 0. Then, for a > 0:

P(x >a) < Hix).

Proof.  Assume f(x) is the PDF of x.

*(x):/oooxf(x)dx:/()axf(x)dx+[1wxf(x)dx
Z[lwxf(x)dea[zwf(x)dx

= alP(x > a).

Almost the same proof for discrete probabilities



Markov’s Inequality

s , )
Thm. Let x be a random variable > 0. Then, for a > 0:

P(x >a) < Hix).

Proof.  Assume f(x) is the PDF of x.

*(x):/oooxf(x)dx:/Oaxf(x)dx%—/aooxf(x)dx
Z[lwxf(x)dea[wa(x)dx

= alP(x > a).

Simple, but very useful!




Chebyshev’s Inequality

/ . o
Thm. Let x be a random variable. Then, for a > 0:
Var(x)
P(jx~B(x)]>a) < 5.
\_ )

Proof. Note: P(|x —E(x)|>a) = P(|x — E(x) |*> a?).

Non-negative R.V.



Chebyshev’s Inequality

/

Thm. Let x be a random variable. Then, for a > 0:

P(|x —E(x)[>a) <

Proof. Note: P(|x —E(x)|>a) = P(|x — E(x) |*>

Apply Markov’s e T 2
Inequality "~ < (% 1w

Further Information
4\ Var(x)
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The Law of Large Numbers

® So far: tail bounds for a singe sample of a R.V.

e What about x; + xo + ... 4+ x,,?

— x;: Independet sample of a random variable x

— x: Finite variance.

-

Thm.

Assume x1,x,...,Xx, are n independent

samples of x.Then

P<‘x1+x2—;...+xn_




The Law of Large Numbers




The Law of Large Numbers

Target:
]P<x1+x2+...+xn_ 2 (x) 28> Var(zx)
n ne
Proof.
X1 +Xp+...+X
P 1T X2 = —E(x) 2&) E(x;) = E(x)
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The Law of Large Numbers

Target:
]P<x1+x2+...+xn _E(x) Z€> < Var(zx)
n ne
Proof.
H’(x1+x2:°°'+xn—]E(x) 28)
:P(x1+x2+...+xn __]E(’x1+x2+...+xn\)‘28>
n n
Var(y)
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Fact 2.
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The Law of Large Numbers

Target:
]I)(x1+x2+...+xn _E(x) Z€> < Var(zx)
n ne
Proof.
P<x1+x2—|1;...+xn_IE(x) 28)
:P(x1+x2+...+xn __]E(’x1+x2+...+xn\)‘28>
n n
Var(y)
S

Fact 1.
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The Law of Large Numbers

Target: Interesting Applications
X1+ x4+ ...+x Var(x
n ne
Proof.
IP(3c1—|—x2+...+xn_]E(x) 28)
n
:IP(x1+x2+...+xn__]E(’x1+x2+...+xn\)‘Ze)
n n
<Var()
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3. Higher Moments and Chernoft’s Inequality

4. Master Tail Bounds
— Applications



Moments

® Markov: P(x > a) < ng) ™ 1%t Moment
e Chebyshev: P(|x — E(x)[> a) < ") E((x — E(x))?)

[Def. The ™ moment of x is E(x") for r € IN~q. ]




Moments

® Markov: P(x > a) < IEEZX) ™ 15t Moment

® Chebyshev: P(|x —E(x)|>a) < VWZ(’Q — 2nd Moment

a

(Def. The ™ moment of x is E(x") for r € IN~q. ]

® Can we use higher moments for better bounds?

For a non-negative even integer r:

2 (x") Polynomial

g Drop

® Even better?



Chernoft’s Inequality

® Focus: n independet binomial random variables

.xl,xZ,...,an

0 with prob.1—1p

Bernoulli x; = { 1 with prob. p

OIﬁnterest:séx1+x2+...+xn
°E(s) =1L, E(x;) =np

/Thm. For any 0 > 0:

65 H
P> (1+00) < (i )




Moment Generating Function

/Def. For a random variable x, the
moment-generating function is:

My (M) 2 E(eM)

(&

(dA)"

® Chernoff uses moment-generating functions

o d(")M(O) =E(x") r'h Moment of x




Proof of Chernoft’s Inequality

Target:

o0 z
P(s > (1+6)u) < ((1+5)(1+(5)> .

Proof. For A > 0, ¢ in monotone.
P(s > (14 0)u) = P(e!* > M1TH)

By Markov’s < e M+ g ()
Inequality -

n n
E(e") = B () = (H”’”) TTEE™)
=1 =1



Proof of Chernoft’s Inequality

Target:

o0 z
P(s > (1+6)u) < ((1+5)(1+(5)> .

Proof. For A > 0, ¢ in monotone.
P(s > (14 0)u) = P(e!* > M1TH)

By Markov’s < e M+ g ()
Inequality -

n n
E(e") = B () = (H”’”) TTEE™)
=1 =1

Independence /
5(x) - E(y)

B(x-y) = (Y




Proof of Chernoft’s Inequality

Target:
0 H
P@>(I+&y%§(ﬂ+ﬁﬂH@>'
Proof. E (&%) > with prob. p: e?*1 = ¢?

—__
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Proof of Chernoft’s Inequality

Target:
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A Unification Theorem

® Chernoff’s Bound

® (Gaussian Annulus

® Power Law

Special cases of Master Tail Theorem



Master Tail Theorem

-

Thm.

Let x1,x>,...,Xu:
® be mutually independent random variables,
® have E(x;) = 0 and Var(x;) < o”.
Suppose
®ac[0,v2n0?,
e s < no?/2 is a positive even integer,
o |[E(x!)|< o?rl forr=3,4,...,s:

2sno? ) %2

P(lx1+x24+...+x,|>a) < ( >

Further, if s > a%/(4nc?), then

P(lx1+x+...+x4|>a) < 3e—#/(12n0%)




Master Tail Bound = Chernoft

e Slightly weaker version:

-

Thm. Letyq,y2,...,y, be independent Bernoulli

variables with

F(y;) = p. For any ¢ € [0, 1]

P(ly —

3 (y)|> cp) < 3e HC/12

el

where y =y + 12+ ...+ yy, and u = np.




Master Tail Bound = Chernoft

e Slightly weaker version:

-

Thm. Letyq,y2,...,y, be independent Bernoulli

variables with

P(ly —

(&

where y =y + 12+ ...+ yy, and u = np.

F(y;) = p. For any ¢ € [0, 1]

3 (y) |> cp) < 3e HC/12

® Need variables with [E(x) = 0.

'xiéyi_lg For

s =2, E(x?) = Var(x;) = p(1—p)

1

* [E(x)|=[E((yi —p)°) I=lp(1 = p) (A =p) =" = (=p)* )




Master Tail Bound = Chernoft

e Slightly weaker version:

/Thm. Let y1,v2,...,y, be independent Bernoulli

variables with E(y;) = p. For any ¢ € [0, 1]

P(ly — E(y)|> cpu) < 3e 1 /12,

L where y =y + 12+ ...+ yy, and u = np.

® Need variables with [E(x) = 0.
’xiéyi—P Forall s > 2: € |—1,1]

* [E(x)|=[E((yi —p)°) I=lp(1 = p) (A =p) =" = (=p)* )

A-pr & NP 0-py



Master Tail Bound = Chernoff

e Slightly weaker version:

-

Thm. Letyq,y2,...,y, be independent Bernoulli

variables with

F(y;) = p. For any ¢ € [0, 1]

P(ly —

(&

3 (y) |> cp) < 3e HC/12

where y =y + 12+ ...+ yy, and u = np.

® Need variables with [E(x) = 0.

A
*Xi=Yi—Pp

° |E(x})[<p




Master Bound = Chernoff

o Var(x;) < o > 024D
® g < \/2no? > < Cl
® s > a%/(4nc?) > S uct/4

P(lx1+x24+...+x,|> a)

=P(Jy —E(y) |> cp)
Sge—ﬂz/ (12n0?) Using the
22 2 \ second

cen“p

—3e¢ 12np inequality

:3e—yc2/12
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Summary

e PDFs, and Tail Bounds
® Markov’s Inequality (1°* Moment)

e Chebyshev’s Inequality (2" Moment)
® The Law of Large Numbers

® Chernott’s Inequality (Moment Generating
Functions)

® Master Tail Bounds Theorem
® Alternative Proof of Chernoff
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