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• Can we use higher moments for better bounds?

For a non-negative even integer r:

P(| x |≥ a) = P(xr ≥ ar) ≤ E(xr)

ar .

• Even better?

Polynomial
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• Focus: n independet binomial random variables
• x1, x2, . . . , xn:

xi =

{
0 with prob. 1− p
1 with prob. p

• Interest: s ∆
= x1 + x2 + . . . + xn

• E(s) = ∑n
i=1 E(xi) = np µ

Thm. For any δ > 0:

P(s > (1 + δ)µ) ≤
(

eδ

(1 + δ)(1+δ)

)µ

.

Bernoulli
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Moment Generating Function

Def. For a random variable x, the
moment-generating function is:

Mx(λ)
∆
= E(eλx)

• d(r)M
(dλ)r (0) = E(xr) rth Moment of x

• Chernoff uses moment-generating functions
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Master Tail Bound⇒ Chernoff
• Slightly weaker version:

Thm. Let y1, y2, . . . , yn be independent Bernoulli
variables with E(yi) = p. For any c ∈ [0, 1]

P(|y−E(y) |≥ cµ) ≤ 3e−µc2/12,

where y = y1 + y2 + . . . + yn, and µ = np.

• Need variables with E(x) = 0.

• xi
∆
= yi − p

• |E(xs
i ) |≤ p
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Agenda

1. Preliminary Definitions

– The Law of Large Numbers

2. Markov’s and Chebyshev’s Inequalities

3. Higher Moments and Chernoff’s Inequality

4. Master Tail Bounds

– Applications
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• PDFs, and Tail Bounds

•Markov’s Inequality (1st Moment)

•Chebyshev’s Inequality (2nd Moment)

•The Law of Large Numbers

•Chernoff’s Inequality (Moment Generating
Functions)

•Master Tail Bounds Theorem
•Alternative Proof of Chernoff
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