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𝑑1
𝑑2
𝑑3

= 𝛷 𝑥, 𝑦 =

𝑥1 − 𝑥 2 + 𝑦1 − 𝑦 2

𝑥2 − 𝑥 2 + 𝑦2 − 𝑦 2

𝑥3 − 𝑥 2 + 𝑦3 − 𝑦 2
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2
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2
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▪
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෨𝑳 = 𝛷 ෩𝑿 = 𝑨෩𝑿



𝐿 =
𝐿1
⋮
𝐿𝑛

𝐿𝑖 = 𝑖

෠𝑋 𝑣

෠𝑳 = 𝑳 + 𝒗 = 𝑨 ෠𝑋 =
1
⋮
1

෠𝑋 𝒗𝑇𝒗 → Min

෩𝑳 = 𝛷 ෩𝑿 = 𝑨෩𝑿



𝑨෡𝑿 = ෠𝑳 = 𝑳 + 𝒗 ֜ 𝒗 = 𝑨෡𝑿 − 𝑳

𝒗𝑇𝒗

֜ 𝒗𝑇 𝒗 = 𝑨෡𝑿 − 𝑳
𝑇
𝑨෡𝑿 − 𝑳

= ෡𝑿𝑇𝑨𝑇𝑨෡𝑿 − 2෡𝑿𝑇𝑨𝑇𝑳 + 𝑳𝑇𝑳

=



𝐹(෡𝑿)= ෡𝑿𝑇𝑨𝑇𝑨෡𝑿 − 2෡𝑿𝑇𝑨𝑇𝑳 + 𝑳𝑇𝑳

grad 𝐹 ෡𝑿 =

𝜕𝐹

𝜕 ෠𝑋1
⋮
𝜕𝐹

𝜕 ෠𝑋𝑢

= 2𝑨𝑇𝑨෡𝑿 − 2𝑨𝑇𝑳

=



𝐹(෡𝑿)= ෡𝑿𝑇𝑨𝑇𝑨෡𝑿 − 2෡𝑿𝑇𝑨𝑇𝑳 + 𝑳𝑇𝑳

grad 𝐹 ෡𝑿 =

𝜕𝐹

𝜕 ෠𝑋1
⋮
𝜕𝐹

𝜕 ෠𝑋𝑢

= 2𝑨𝑇𝑨෡𝑿 − 2𝑨𝑇𝑳 = 𝟎

=



𝐹(෡𝑿)= ෡𝑿𝑇𝑨𝑇𝑨෡𝑿 − 2෡𝑿𝑇𝑨𝑇𝑳 + 𝑳𝑇𝑳

grad 𝐹 ෡𝑿 =

𝜕𝐹

𝜕 ෠𝑋1
⋮
𝜕𝐹

𝜕 ෠𝑋𝑢

= 2𝑨𝑇𝑨෡𝑿 − 2𝑨𝑇𝑳 = 𝟎

⟺ 𝑨𝑇𝑨෡𝑿 = 𝑨𝑇𝑳

𝑨𝑇𝑨𝑥 = 𝑨𝑇𝑏



𝑳 =
𝐿1
⋮
𝐿𝑛

𝐿𝑖 = 𝑖

෠𝑋 𝒗

෠𝑳 = 𝑳 + 𝒗 = 𝑨 ෠𝑋 =
1
⋮
1

෠𝑋 𝒗𝑇𝒗 → Min

𝑨𝑇𝑨෡𝑿 = 𝑨𝑇𝑳



𝑨𝑇𝑨 = 1,… , 1
1
⋮
1

=



𝑨𝑇𝑨 = 1,… , 1
1
⋮
1

= 𝑛



𝑨𝑇𝑨 = 1,… , 1
1
⋮
1

= 𝑛

𝑨𝑇𝑳 = 1,… , 1
𝐿1
⋮
𝐿𝑛

=



𝑨𝑇𝑨 = 1,… , 1
1
⋮
1

= 𝑛

𝑨𝑇𝑳 = 1,… , 1
𝐿1
⋮
𝐿𝑛

=෍

𝑖=1

𝑛

𝐿𝑖



𝑨𝑇𝑨 = 1,… , 1
1
⋮
1

= 𝑛

𝑨𝑇𝑳 = 1,… , 1
𝐿1
⋮
𝐿𝑛

=෍

𝑖=1

𝑛

𝐿𝑖

𝑨𝑇𝑨 ෠𝑋 = 𝑨𝑇𝑳 ⟹ 𝑛 ෠𝑋 =෍

𝑖=1

𝑛

𝐿𝑖



𝑨𝑇𝑨 = 1,… , 1
1
⋮
1

= 𝑛

𝑨𝑇𝑳 = 1,… , 1
𝐿1
⋮
𝐿𝑛

=෍

𝑖=1

𝑛

𝐿𝑖

𝑨𝑇𝑨 ෠𝑋 = 𝑨𝑇𝑳 ⟹ 𝑛 ෠𝑋 =෍

𝑖=1

𝑛

𝐿𝑖



𝑨𝑇𝑨 = 1,… , 1
1
⋮
1

= 𝑛

𝑨𝑇𝑳 = 1,… , 1
𝐿1
⋮
𝐿𝑛

=෍

𝑖=1

𝑛

𝐿𝑖

𝑨𝑇𝑨 ෠𝑋 = 𝑨𝑇𝑳 ⟹ 𝑛 ෠𝑋 =෍

𝑖=1

𝑛

𝐿𝑖 ⟺ ෠𝑋 =
σ𝑖=1
𝑛 𝐿𝑖
𝑛



𝑨𝑇𝑨 = 1,… , 1
1
⋮
1

= 𝑛

𝑨𝑇𝑳 = 1,… , 1
𝐿1
⋮
𝐿𝑛

=෍

𝑖=1

𝑛

𝐿𝑖

𝑨𝑇𝑨 ෠𝑋 = 𝑨𝑇𝑳 ⟹ 𝑛 ෠𝑋 =෍

𝑖=1

𝑛

𝐿𝑖 ⟺ ෠𝑋 =
σ𝑖=1
𝑛 𝐿𝑖
𝑛



𝐹

𝑣𝑇𝑣

= 𝐹(෡𝑿) = ෡𝑿𝑇𝑨𝑇𝑨෡𝑿 − 2෡𝑿𝑇𝑨𝑇𝑳 + 𝑳𝑇𝑳



𝐹

𝑋1, … , 𝑋𝑢

𝑓 𝜉1, … , 𝜉𝑢 = 𝛼1𝜉1
2 +⋯+ 𝛼𝑟𝜉𝑟

2 + 𝛼𝑟+1𝜉𝑟+1 +⋯+ 𝛼𝑢𝜉𝑢 + 𝛾



𝐹

𝑋1, … , 𝑋𝑢

𝑓 𝜉1, … , 𝜉𝑢 = 𝛼1𝜉1
2 +⋯+ 𝛼𝑟𝜉𝑟

2 + 𝛼𝑟+1𝜉𝑟+1 +⋯+ 𝛼𝑢𝜉𝑢 + 𝛾

𝑓 𝑥 = 𝑥2 + 6𝑥 − 7



𝐹

𝑋1, … , 𝑋𝑢

𝑓 𝜉1, … , 𝜉𝑢 = 𝛼1𝜉1
2 +⋯+ 𝛼𝑟𝜉𝑟

2 + 𝛼𝑟+1𝜉𝑟+1 +⋯+ 𝛼𝑢𝜉𝑢 + 𝛾

𝑓 𝑥 = 𝑥2 + 6𝑥 − 7
= 𝑥2 + 6𝑥 + 9 − 16



𝐹

𝑋1, … , 𝑋𝑢

𝑓 𝜉1, … , 𝜉𝑢 = 𝛼1𝜉1
2 +⋯+ 𝛼𝑟𝜉𝑟

2 + 𝛼𝑟+1𝜉𝑟+1 +⋯+ 𝛼𝑢𝜉𝑢 + 𝛾

𝑓 𝑥 = 𝑥2 + 6𝑥 − 7
= 𝑥2 + 6𝑥 + 9 − 16
= 𝑥 + 3 2 − 16



𝐹

𝑋1, … , 𝑋𝑢

𝑓 𝜉1, … , 𝜉𝑢 = 𝛼1𝜉1
2 +⋯+ 𝛼𝑟𝜉𝑟

2 + 𝛼𝑟+1𝜉𝑟+1 +⋯+ 𝛼𝑢𝜉𝑢 + 𝛾

𝑓 𝑥 = 𝑥2 + 6𝑥 − 7
= 𝑥2 + 6𝑥 + 9 − 16
= 𝑥 + 3 2 − 16
= 𝜉2 − 16 𝜉 = 𝑥 + 3



𝐹

𝑋1, … , 𝑋𝑢

𝑓 𝜉1, … , 𝜉𝑢 = 𝛼1𝜉1
2 +⋯+ 𝛼𝑟𝜉𝑟

2 + 𝛼𝑟+1𝜉𝑟+1 +⋯+ 𝛼𝑢𝜉𝑢 + 𝛾

𝑓 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐

= 𝑎 𝑥 +
𝑏

2𝑎

2
+ (𝑐 −

𝑏2

4𝑎
)



𝐹

𝑋1, … , 𝑋𝑢

𝑓 𝜉1, … , 𝜉𝑢 = 𝛼1𝜉1
2 +⋯+ 𝛼𝑟𝜉𝑟

2 + 𝛼𝑟+1𝜉𝑟+1 +⋯+ 𝛼𝑢𝜉𝑢 + 𝛾

𝐹 ෠𝑋 = 𝑣𝑇𝑣 𝐹 ෠𝑋 ≥ 0 𝐹

𝑓 𝜉1, … , 𝜉𝑢 = 𝛼1𝜉1
2 +⋯+ 𝛼𝑢𝜉𝑢

2 + 𝛾 𝛼1, … , 𝛼𝑢, 𝛾 ≥ 0



𝐹

𝑋1, … , 𝑋𝑢

𝑓 𝜉1, … , 𝜉𝑢 = 𝛼1𝜉1
2 +⋯+ 𝛼𝑟𝜉𝑟

2 + 𝛼𝑟+1𝜉𝑟+1 +⋯+ 𝛼𝑢𝜉𝑢 + 𝛾

𝐹 ෠𝑋 = 𝑣𝑇𝑣 𝐹 ෠𝑋 ≥ 0 𝐹

𝑓 𝜉1, … , 𝜉𝑢 = 𝛼1𝜉1
2 +⋯+ 𝛼𝑢𝜉𝑢

2 + 𝛾 𝛼1, … , 𝛼𝑢, 𝛾 ≥ 0

𝜉1 = ⋯ = 𝜉𝑢 = 0
𝛾



෡𝑿
𝒗𝑇𝒗



𝑿0 ∈ ℝ
𝑢

𝑿 ∈ ℝ𝑢

𝐹 𝑿 = 𝑨𝑿 − 𝑳 𝑇 𝑨𝑿 − 𝑳



𝑿0 ∈ ℝ
𝑢

𝑿 ∈ ℝ𝑢

𝐹 𝑿 = 𝑨𝑿 − 𝑳 𝑇 𝑨𝑿 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳



𝐹 𝑿 = 𝑨𝑿 − 𝑳 𝑇 𝑨𝑿 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳

𝑿0 ∈ ℝ
𝑢

𝑿 ∈ ℝ𝑢



𝐹 𝑿 = 𝑨𝑿 − 𝑳 𝑇 𝑨𝑿 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿 − 𝑨𝑿0
+2 𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿0 − 𝑳
+ 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿0 − 𝑳

𝑿0 ∈ ℝ
𝑢

𝑿 ∈ ℝ𝑢



𝐹 𝑿 = 𝑨𝑿 − 𝑳 𝑇 𝑨𝑿 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿 − 𝑨𝑿0
+2 𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿0 − 𝑳
+ 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿0 − 𝑳

𝑿0 ∈ ℝ
𝑢

𝑿 ∈ ℝ𝑢



𝑿0 ∈ ℝ
𝑢

𝑿 ∈ ℝ𝑢

𝐹 𝑿 = 𝑨𝑿 − 𝑳 𝑇 𝑨𝑿 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿 − 𝑨𝑿0
+2 𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿0 − 𝑳
+ 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿0 − 𝑳

= 0



𝑿0 ∈ ℝ
𝑢

𝑿 ∈ ℝ𝑢

𝐹 𝑿 = 𝑨𝑿 − 𝑳 𝑇 𝑨𝑿 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿 − 𝑨𝑿0

+ 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿0 − 𝑳



𝑿0 ∈ ℝ
𝑢

𝑿 ∈ ℝ𝑢

𝐹 𝑿 = 𝑨𝑿 − 𝑳 𝑇 𝑨𝑿 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿 − 𝑨𝑿0

+ 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿0 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝐹 𝑿0



𝑿0 ∈ ℝ
𝑢

𝑿 ∈ ℝ𝑢

𝐹 𝑿 = 𝑨𝑿 − 𝑳 𝑇 𝑨𝑿 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝑨𝑿0 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿 − 𝑨𝑿0

+ 𝑨𝑿0 − 𝑳 𝑇 𝑨𝑿0 − 𝑳
= 𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝐹 𝑿0 ≥ 𝐹 𝑿0



rang 𝐴 = 𝑢



rang 𝐴 = 𝑢

𝐹 𝑿 = 𝑨𝑿 − 𝑨𝑿0
𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝐹 𝑿0 ≥ 𝐹 𝑿0

𝑿0 ∈ ℝ
𝑢

𝑿 ∈ ℝ𝑢



rang 𝐴 = 𝑢

𝑿0 ∈ ℝ
𝑢

𝑿 ∈ ℝ𝑢

𝐹 𝑿 = 𝐹 𝑿0
𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿− 𝑨𝑿0 = 0
⇔ 𝑨𝑿− 𝑨𝑿0 = 𝑨 𝑿− 𝑿0 = 𝟎

𝐹 𝑿 = 𝑨𝑿 − 𝑨𝑿0
𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝐹 𝑿0 ≥ 𝐹 𝑿0



rang 𝐴 = 𝑢

𝑿0 ∈ ℝ
𝑢

𝑿 ∈ ℝ𝑢

𝐹 𝑿 = 𝐹 𝑿0
𝑨𝑿 − 𝑨𝑿0

𝑇 𝑨𝑿− 𝑨𝑿0 = 0
⇔ 𝑨𝑿− 𝑨𝑿0 = 𝑨 𝑿− 𝑿0 = 𝟎

rang 𝐴 = 𝑢 ֜ 𝑿 = 𝑿0

𝐹 𝑿 = 𝑨𝑿 − 𝑨𝑿0
𝑇 𝑨𝑿 − 𝑨𝑿0 + 𝐹 𝑿0 ≥ 𝐹 𝑿0





𝑃1

𝑃2 𝑃3

𝑃4ℎ1 = 0

Δℎ1,2 = 4.1

Δℎ4,1 = 1.2

Δℎ4,2 = 5

Δℎ3,4 = 1.1

Δℎ2,3 = −7

ℎ2, ℎ3, ℎ4



𝑃1

𝑃2 𝑃3

𝑃4ℎ1 = 0

Δℎ1,2 = 4.1

Δℎ4,1 = 1.2

Δℎ4,2 = 5

Δℎ3,4 = 1.1

Δℎ2,3 = −7

ℎ2, ℎ3, ℎ4

𝑳 =

Δℎ1,2
Δℎ2,3
Δℎ3,4
Δℎ4,1
Δℎ4,2

=

4.1
−7.0
1.1
1.2
5.4 m



𝑃1

𝑃2 𝑃3

𝑃4ℎ1 = 0

Δℎ1,2 = 4.1

Δℎ4,1 = 1.2

Δℎ4,2 = 5

Δℎ3,4 = 1.1

Δℎ2,3 = −7

𝜱 ෡𝑿 = ෡𝑳

෡𝑿 =

ℎ2
ℎ3
ℎ4

ℎ2, ℎ3, ℎ4

𝑳 =

Δℎ1,2
Δℎ2,3
Δℎ3,4
Δℎ4,1
Δℎ4,2

=

4.1
−7.0
1.1
1.2
5.4 m



𝜱 ෡𝑿 = ෡𝑳 =

෡𝑿 =

ℎ2
ℎ3
ℎ4 ℎ2

ℎ3 − ℎ2
ℎ4 − ℎ3
−ℎ4

ℎ2 − ℎ4

𝑳 =

Δℎ1,2
Δℎ2,3
Δℎ3,4
Δℎ4,1
Δℎ4,2

=

4.1
−7.0
1.1
1.2
5.4 m



𝜱 ෡𝑿 = ෡𝑳 =

෡𝑿 =

ℎ2
ℎ3
ℎ4

𝑨

ℎ2
ℎ3 − ℎ2
ℎ4 − ℎ3
−ℎ4

ℎ2 − ℎ4

=

1 0 0
−1 1 0
0 −1 1
0 0 −1
1 0 −1

⋅

ℎ2
ℎ3
ℎ4

𝑳 =

Δℎ1,2
Δℎ2,3
Δℎ3,4
Δℎ4,1
Δℎ4,2

=

4.1
−7.0
1.1
1.2
5.4 m



𝑳 =

Δℎ1,2
Δℎ2,3
Δℎ3,4
Δℎ4,1
Δℎ4,2

=

4.1
−7.0
1.1
1.2
5.4 m

𝜱 ෡𝑿 = ෡𝑳 =

෡𝑿 =

ℎ2
ℎ3
ℎ4 ℎ2

ℎ3 − ℎ2
ℎ4 − ℎ3
−ℎ4

ℎ2 − ℎ4

=

1 0 0
−1 1 0
0 −1 1
0 0 −1
1 0 −1

⋅

ℎ2
ℎ3
ℎ4

𝑨

𝑨𝑇𝑨෡𝑿 = 𝑨𝑇𝑳



𝑨𝑇𝑨෡𝑿 = 𝑨𝑇𝑳

1 0 0
−1 1 0
0 −1 1
0 0 −1
1 0 −1

1 −1 0 0 1
0 1 −1 0 0
0 0 1 −1 −1

𝑨𝑇

𝑨

3 −1 −1
−1 2 −1
−1 −1 3

𝑨𝑇𝑨



𝑨𝑇𝑨෡𝑿 = 𝑨𝑇𝑳

1 0 0
−1 1 0
0 −1 1
0 0 −1
1 0 −1

1 −1 0 0 1
0 1 −1 0 0
0 0 1 −1 −1

𝑨𝑇

𝑨

3 −1 −1
−1 2 −1
−1 −1 3

𝑨𝑇𝑨



16.5
−8.1
−5.5 m

𝑨𝑇𝑨෡𝑿 = 𝑨𝑇𝑳

1 −1 0 0 1
0 1 −1 0 0
0 0 1 −1 −1

3 −1 −1
−1 2 −1
−1 −1 3

𝑨𝑇

𝑳

𝑨𝑇𝑳𝑨𝑇𝑨

4.1
−7.0
1.1
1.2
5.4 m



𝑨𝑇𝑨෡𝑿 = 𝑨𝑇𝑳

1 −1 0 0 1
0 1 −1 0 0
0 0 1 −1 −1

3 −1 −1
−1 2 −1
−1 −1 3

4.1
−7.0
1.1
1.2
5.4 m

𝑨𝑇

𝑳

𝑨𝑇𝑳𝑨𝑇𝑨

16.5
−8.1
−5.5 m



𝑨𝑇𝑨෡𝑿 = 𝑨𝑇𝑳

3 −1 −1
−1 2 −1
−1 −1 3

⋅ ෡𝑿 =

𝑨𝑇𝑳𝑨𝑇𝑨

16.5
−8.1
−5.5 m



𝑨𝑇𝑨෡𝑿 = 𝑨𝑇𝑳

3 −1 −1
−1 2 −1
−1 −1 3

⋅ ෡𝑿 =

𝑨𝑇𝑳𝑨𝑇𝑨

4.2
−2.6
−1.3 m

֜ ෡𝑿 =
16.5
−8.1
−5.5 m

𝑃1

𝑃2 𝑃3

𝑃4
0

Δℎ1,2 = 4.1

Δℎ4,1 = 1.2

Δℎ4,2 = 5

Δℎ3,4 = 1.1

Δℎ2,3 = −74.2 −2.6

−1.3



4.2
−6.8
1.3
1.3
5.5 m

෠𝑳 = 𝑨෡𝑿

1 0 0
−1 1 0
0 −1 1
0 0 −1
1 0 −1

𝑨

෡𝑿

෠𝑳

4.2
−2.6
−1.3 m



෠𝑳 = 𝑨෡𝑿

1 0 0
−1 1 0
0 −1 1
0 0 −1
1 0 −1

𝑨 ෠𝑳

෡𝑿
4.2
−2.6
−1.3 m

4.2
−6.8
1.3
1.3
5.5 m



෠𝑳 = 𝑨෡𝑿

1 0 0
−1 1 0
0 −1 1
0 0 −1
1 0 −1

𝑨 ෠𝑳

෡𝑿

𝑃1

𝑃2 𝑃3

𝑃4

Δℎ1,2 = 4.1

Δℎ4,1 = 1.2

Δℎ4,2 = 5

Δℎ3,4 = 1.1

Δℎ2,3 = −7

0

4.2
−2.6
−1.3 m

4.2
−6.8
1.3
1.3
5.5 m



෠𝑳 = 𝑨෡𝑿
4.2
−2.6
−1.3 m

1 0 0
−1 1 0
0 −1 1
0 0 −1
1 0 −1

4.2
−6.8
1.3
1.3
5.5 m

𝑨 ෠𝑳

෡𝑿

𝑃1

𝑃2 𝑃3

𝑃4
0

Δℎ1,2 = 4.1

Δℎ4,1 = 1.2

Δℎ4,2 = 5

Δℎ3,4 = 1.1

Δℎ2,3 = −7

4.2

−6.8

5.5
1.3

1.3



෠𝑳 = 𝑨෡𝑿
4.2
−2.6
−1.3 m

1 0 0
−1 1 0
0 −1 1
0 0 −1
1 0 −1

4.2
−6.8
1.3
1.3
5.5 m

𝑨 ෠𝑳

෡𝑿

𝑃1

𝑃2 𝑃3

𝑃4
0

Δℎ1,2 = 4.1

Δℎ4,1 = 1.2

Δℎ4,2 = 5

Δℎ3,4 = 1.1

Δℎ2,3 = −74.2 −2.6

−1.3

4.2

−6.8

5.5
1.3

1.3



෨𝑳 = 𝛷 ෩𝑿 = 𝑨෩𝑿

𝑨T𝑨 ෡𝑿 = 𝑨T ෠𝑳





X

σ2: = E X − E X
2



X

σ2: = E X − E X
2

L

ΣLL: = E L − E L ⋅ L − E(L) T



𝑳

Σ𝑳𝑳: = E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

Σ𝑳𝑳 =
𝜎1
2 𝜌12 ⋅ 𝜎1⋅ 𝜎2

𝜌12 ⋅ 𝜎1⋅ 𝜎2 𝜎2
2



𝑳

Σ𝑳𝑳: = E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

Σ𝑳𝑳 =
𝜎1
2 𝜌12 ⋅ 𝜎1⋅ 𝜎2

𝜌12 ⋅ 𝜎1⋅ 𝜎2 𝜎2
2



Σ𝑳𝑳 =
𝜎1
2 𝜌12 ⋅ 𝜎1⋅ 𝜎2

𝜌12 ⋅ 𝜎1⋅ 𝜎2 𝜎2
2

𝑳

Σ𝑳𝑳: = E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇



Σ𝑳𝑳 =
𝜎1
2 𝜌12 ⋅ 𝜎1⋅ 𝜎2

𝜌12 ⋅ 𝜎1⋅ 𝜎2 𝜎2
2

−1 ≤ 𝜌12≤ 1

𝑳

Σ𝑳𝑳: = E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇



Σ𝑳𝑳 =
𝜎1
2 𝜌12 ⋅ 𝜎1⋅ 𝜎2

𝜌12 ⋅ 𝜎1⋅ 𝜎2 𝜎2
2

Σ𝑳𝑳 =
𝜎1
2 0

0 𝜎2
2

𝑳

Σ𝑳𝑳: = E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇



𝜮𝑳𝑳

𝜮𝑳𝑳 = 𝜎0
2 ⋅ 𝑸𝑳𝑳



𝒗𝑇𝒗 → Min



𝒗𝑇𝒗 → Min

𝒗𝑇𝑷𝒗 → Min
𝑷 = 𝑸 −1



𝒗𝑇𝒗 → Min

𝒗𝑇𝑷𝒗 → Min
𝑷 = 𝑸 −1

𝑨𝑇𝑷𝑨෡𝑿 = 𝑨𝑇𝑷𝑳





𝑳
𝒇 𝑳

𝜮𝑳𝑳
𝒇 = 𝑭𝑳

𝒇 𝜮𝒇𝒇



𝐿1 𝐿2

𝑓 = 𝑙1 + 𝑙2 = 1 1
𝐿1
𝐿2

𝜮𝑳𝑳 =
3 0
0 4 [cm2]

𝜮𝑳𝑳
𝒇 = 𝑭𝑳

𝑳
𝒇 𝑳

𝒇 𝜮𝒇𝒇



= E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

𝒇 = 𝑭𝑳
𝑳

𝒇 𝑳
𝜮𝑳𝑳



𝜮𝒇𝒇 = E 𝑭𝑳 − E 𝑭𝑳 ⋅ 𝑭𝑳 − E 𝑭𝑳
𝑇

= E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

𝒇 = 𝑭𝑳
𝑳

𝒇 𝑳
𝜮𝑳𝑳



𝜮𝒇𝒇 = E 𝑭𝑳 − E 𝑭𝑳 ⋅ 𝑭𝑳 − E 𝑭𝑳
𝑇

= E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

𝒇 = 𝑭𝑳
𝑳

𝒇 𝑳
𝜮𝑳𝑳



𝜮𝒇𝒇 = E 𝑭𝑳 − E 𝑭𝑳 ⋅ 𝑭𝑳 − E 𝑭𝑳
𝑇

= E 𝑭𝑳 − 𝑭E 𝑳 ⋅ 𝑭𝑳 − 𝑭E 𝑳
𝑇

= E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

𝒇 = 𝑭𝑳
𝑳

𝒇 𝑳
𝜮𝑳𝑳



𝜮𝒇𝒇 = E 𝑭𝑳 − E 𝑭𝑳 ⋅ 𝑭𝑳 − E 𝑭𝑳
𝑇

= E 𝑭𝑳 − 𝑭E 𝑳 ⋅ 𝑭𝑳 − 𝑭E 𝑳
𝑇

= E 𝑭 ⋅ 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇
⋅ 𝑭𝑇

= E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

𝒇 = 𝑭𝑳
𝑳

𝒇 𝑳
𝜮𝑳𝑳



𝜮𝒇𝒇 = E 𝑭𝑳 − E 𝑭𝑳 ⋅ 𝑭𝑳 − E 𝑭𝑳
𝑇

= E 𝑭𝑳 − 𝑭E 𝑳 ⋅ 𝑭𝑳 − 𝑭E 𝑳
𝑇

= E 𝑭 ⋅ 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇
⋅ 𝑭𝑇

= 𝑭 ⋅ E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

⋅ 𝑭𝑇

= E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

𝒇 = 𝑭𝑳
𝑳

𝒇 𝑳
𝜮𝑳𝑳



𝜮𝒇𝒇 = E 𝑭𝑳 − E 𝑭𝑳 ⋅ 𝑭𝑳 − E 𝑭𝑳
𝑇

= E 𝑭𝑳 − 𝑭E 𝑳 ⋅ 𝑭𝑳 − 𝑭E 𝑳
𝑇

= E 𝑭 ⋅ 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇
⋅ 𝑭𝑇

= 𝑭 ⋅ E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

⋅ 𝑭𝑇

= 𝑭𝜮𝑳𝑳𝑭
𝑇

= E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

𝒇 = 𝑭𝑳
𝑳

𝒇 𝑳
𝜮𝑳𝑳



𝜮𝒇𝒇 = 𝑭𝜮𝑳𝑳𝑭
𝑇

= E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

𝒇 = 𝑭𝑳
𝑳

𝒇 𝑳
𝜮𝑳𝑳



𝑓 = 𝐿1 + 𝐿2 = 1 1
𝐿1
𝐿2

𝜮𝑳𝑳 =
3 0
0 4 [cm2]

𝜮𝒇𝒇 = 1 1
3 cm2 0
0 4 cm2

1
1

= 7 cm2

𝜮𝒇𝒇 = 𝑭𝜮𝑳𝑳𝑭
𝑇

= E 𝑳 − E 𝑳 ⋅ 𝑳 − E 𝑳
𝑇

𝒇 = 𝑭𝑳
𝑳

𝒇 𝑳
𝜮𝑳𝑳



෡𝑿

𝒗𝑇𝑷𝒗 → Min



𝒗𝑇𝑷𝒗 → Min

𝑨𝑇𝑷𝑨෡𝑿 = 𝑨𝑇𝑷𝑳
⟺ ෡𝑿 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑳

෡𝑿



𝒗𝑇𝑷𝒗 → Min

𝑨𝑇𝑷𝑨෡𝑿 = 𝑨𝑇𝑷𝑳
⟺ ෡𝑿 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑳



𝒗𝑇𝑷𝒗 → Min

𝑨𝑇𝑷𝑨෡𝑿 = 𝑨𝑇𝑷𝑳
⟺ ෡𝑿 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑳

𝜮෡𝑿෡𝑿 = 𝑭𝜮𝑳𝑳𝑭
𝑻



𝒗𝑇𝑷𝒗 → Min

𝑨𝑇𝑷𝑨෡𝑿 = 𝑨𝑇𝑷𝑳
⟺ ෡𝑿 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑳

𝜮෡𝑿෡𝑿 = 𝑭𝜮𝑳𝑳𝑭
𝑻 𝑭 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷



𝒗𝑇𝑷𝒗 → Min

𝜮෡𝑿෡𝑿 = 𝑭𝜮𝑳𝑳𝑭
𝑻

= 𝜎0
2𝑭𝑸𝑳𝑳𝑭

𝑻 = 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑸𝑳𝑳𝑭

𝑻

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑭𝑻

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑨 𝑨𝑇𝑷𝑨 −1

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1

𝑭 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷

𝑨𝑇𝑷𝑨෡𝑿 = 𝑨𝑇𝑷𝑳
⟺ ෡𝑿 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑳



𝒗𝑇𝑷𝒗 → Min

𝜮෡𝑿෡𝑿 = 𝑭𝜮𝑳𝑳𝑭
𝑻

= 𝜎0
2𝑭𝑸𝑳𝑳𝑭

𝑻 = 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑸𝑳𝑳𝑭

𝑻

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑭𝑻

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑨 𝑨𝑇𝑷𝑨 −1

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1

𝑭 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷

𝑨𝑇𝑷𝑨෡𝑿 = 𝑨𝑇𝑷𝑳
⟺ ෡𝑿 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑳



𝒗𝑇𝑷𝒗 → Min

𝜮෡𝑿෡𝑿 = 𝑭𝜮𝑳𝑳𝑭
𝑻

= 𝜎0
2𝑭𝑸𝑳𝑳𝑭

𝑻 = 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑸𝑳𝑳𝑭

𝑻

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑭𝑻

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑨 𝑨𝑇𝑷𝑨 −1

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1

𝑭 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷

𝑨𝑇𝑷𝑨෡𝑿 = 𝑨𝑇𝑷𝑳
⟺ ෡𝑿 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑳



𝒗𝑇𝑷𝒗 → Min

𝜮෡𝑿෡𝑿 = 𝑭𝜮𝑳𝑳𝑭
𝑻

= 𝜎0
2𝑭𝑸𝑳𝑳𝑭

𝑻 = 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑸𝑳𝑳𝑭

𝑻

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑭𝑻

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑨 𝑨𝑇𝑷𝑨 −1

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1

𝑭 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷

𝑨𝑇𝑷𝑨෡𝑿 = 𝑨𝑇𝑷𝑳
⟺ ෡𝑿 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑳



𝒗𝑇𝑷𝒗 → Min

𝜮෡𝑿෡𝑿 = 𝑭𝜮𝑳𝑳𝑭
𝑻

= 𝜎0
2𝑭𝑸𝑳𝑳𝑭

𝑻 = 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑸𝑳𝑳𝑭

𝑻

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑭𝑻

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑨 𝑨𝑇𝑷𝑨 −1

= 𝜎0
2 𝑨𝑇𝑷𝑨 −1

𝑭 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷

𝑨𝑇𝑷𝑨෡𝑿 = 𝑨𝑇𝑷𝑳
⟺ ෡𝑿 = 𝑨𝑇𝑷𝑨 −1𝑨𝑇𝑷𝑳



𝜮෡𝑿෡𝑿 = 𝜎0
2 𝑨𝑇𝑷𝑨 −1

𝒗𝑇𝑷𝒗 → Min



𝜮෡𝑿෡𝑿 = 𝜎0
2 𝑨𝑇𝑷𝑨 −1

𝜮෡𝑳෡𝑳 = 𝑨𝜮෡𝑿෡𝑿𝑨
𝑻

𝒗𝑇𝑷𝒗 → Min

෠𝑳 = 𝑨෡𝑿



𝜮෡𝑿෡𝑿 = 𝜎0
2 𝑨𝑇𝑷𝑨 −1

𝜮෡𝑳෡𝑳 = 𝑨𝜮෡𝑿෡𝑿𝑨
𝑻

𝒗𝑇𝑷𝒗 → Min

෠𝑳 = 𝑨෡𝑿



𝜎0
2

𝜎0
2

𝑸𝑳𝑳

𝜮෡𝑿෡𝑿 = 𝜎0
2 𝑨𝑇𝑷𝑨 −1



𝜎0
2 𝒗

𝜎0
2.ො𝜎0

2 =
𝒗𝑻𝑷𝒗

𝑛 − 𝑢



𝜎0
2 𝒗

𝜎0
2.ො𝜎0

2 =
𝒗𝑻𝑷𝒗

𝑛 − 𝑢

𝒗 = 𝑨෡𝑿 − 𝑳 =
1
⋮
1

෠𝑋 −
𝐿1
⋮
𝐿𝑛

=

෠𝑋 − 𝐿1
⋮

෠𝑋 − 𝐿𝑛



𝜎0
2 𝒗

𝜎0
2.ො𝜎0

2 =
𝒗𝑻𝑷𝒗

𝑛 − 𝑢

𝒗 = 𝑨෡𝑿 − 𝑳 =
1
⋮
1

෠𝑋 −
𝐿1
⋮
𝐿𝑛

=

෠𝑋 − 𝐿1
⋮

෠𝑋 − 𝐿𝑛

ො𝜎0
2 =

𝒗𝑻𝑷𝒗

𝑛 − 𝑢
=

𝒗𝑻𝒗

𝑛 − 1
=
σ𝑖=1
𝑛 ෠𝑋 − 𝐿𝑖

2

𝑛 − 1



𝜎0
2 𝒗

𝜎0
2.ො𝜎0

2 =
𝒗𝑻𝑷𝒗

𝑛 − 𝑢

𝒗 = 𝑨෡𝑿 − 𝑳 =
1
⋮
1

෠𝑋 −
𝐿1
⋮
𝐿𝑛

=

෠𝑋 − 𝐿1
⋮

෠𝑋 − 𝐿𝑛

ො𝜎0
2 =

𝒗𝑻𝑷𝒗

𝑛 − 𝑢
=

𝒗𝑻𝒗

𝑛 − 1
=
σ𝑖=1
𝑛 ෠𝑋 − 𝐿𝑖

2

𝑛 − 1



𝜎0
2 𝒗

𝜎0
2.ො𝜎0

2 =
𝒗𝑻𝑷𝒗

𝑛 − 𝑢

𝒗 = 𝑨෡𝑿 − 𝑳 =
1
⋮
1

෠𝑋 −
𝐿1
⋮
𝐿𝑛

=

෠𝑋 − 𝐿1
⋮

෠𝑋 − 𝐿𝑛

ො𝜎0
2 =

𝒗𝑻𝑷𝒗

𝑛 − 𝑢
=

𝒗𝑻𝒗

𝑛 − 1
=
σ𝑖=1
𝑛 ෠𝑋 − 𝐿𝑖

2

𝑛 − 1



𝐸 ො𝜎0
2 = 𝐸

σ𝑖=1
𝑛 ෠𝑋 − 𝐿𝑖

2

𝑛 − 1



𝐸 ො𝜎0
2 = 𝐸

σ𝑖=1
𝑛 ෠𝑋 − 𝐿𝑖

2

𝑛 − 1

=
1

𝑛−1
𝐸 σ𝑖=1

𝑛 ෠𝑋 − 𝜇 + 𝜇 − 𝐿𝑖
2

=
1

𝑛−1
𝐸 σ𝑖=1

𝑛 ෠𝑋 − 𝜇
2
− 2 ෠𝑋 − 𝜇 𝐿𝑖 − 𝜇 + 𝐿𝑖 − 𝜇 2

=
1

𝑛−1
𝐸 σ𝑖=1

𝑛 ෠𝑋 − 𝜇
2
− 2σ𝑖=1

𝑛 ෠𝑋 − 𝜇 𝐿𝑖 − 𝜇 + σ𝑖=1
𝑛 𝐿𝑖 − 𝜇 2

=
1

𝑛−1
𝐸 𝑛 ෠𝑋 − 𝜇

2
− 2𝑛 ෠𝑋 − 𝜇 ෠𝑋 − 𝜇 + σ𝑖=1

𝑛 𝐿𝑖 − 𝜇 2

=
1

𝑛−1
𝐸 σ𝑖=1

𝑛 𝐿𝑖 − 𝜇 2 − 𝑛 ෠𝑋 − 𝜇
2

=
1

𝑛−1
σ𝑖=1
𝑛 𝐸 𝐿𝑖 − 𝜇 2 − 𝑛𝐸 ෠𝑋 − 𝜇

2

=
1

𝑛−1
𝑛𝜎0

2 − 𝑛𝜎෠𝑋
2

=
1

𝑛−1
𝑛𝜎0

2 − 𝑛
𝜎0
2

𝑛
= 𝜎0

2

𝜇 = 𝐸 ෠𝑋



𝒗 = ෡𝑳 − 𝑳

=

4.2
−6.8
1.3
1.3
5.5 m

−

4.1
−7.0
1.1
1.2
5.4 m

=

0.1
0.2
0.2
0.1
0.1 m

𝑃1

𝑃2 𝑃3

𝑃4

Δℎ1,2 = 4.1

Δℎ4,1 = 1.2

Δℎ4,2 = 5

Δℎ3,4 = 1.1

Δℎ2,3 = −7

4.2

−6.8

5.5
1.3

1.3
ො𝜎0
2 =

𝒗𝑻𝑷𝒗

𝑛 − 𝑢
=
0.11 m2

5 − 3
= 0.055 m2

ො𝜎0 = 0.23 m



𝜮෡𝑿෡𝑿 = 𝜎0
2 ⋅ 𝑨𝑇𝑷𝑨 −1

= 0.055 m2 ⋅

0.625 0.500 0.375

0.500 1.000 0.500

0.375 0.500 0.625

=
0.0344 0.0275 0.0206
0.0275 0.0550 0.0275
0.0206 0.0275 0.0344 m2



𝜮෡𝑿෡𝑿 = 𝜎0
2 ⋅ 𝑨𝑇𝑷𝑨 −1

= 0.055 m2 ⋅

0.625 0.500 0.375

0.500 1.000 0.500

0.375 0.500 0.625

=
0.0344 0.0275 0.0206
0.0275 0.0550 0.0275
0.0206 0.0275 0.0344 m2



𝜮෡𝑿෡𝑿 = 𝜎0
2 ⋅ 𝑨𝑇𝑷𝑨 −1

= 0.055 m2 ⋅

0.625 0.500 0.375

0.500 1.000 0.500

0.375 0.500 0.625

=
0.0344 0.0275 0.0206
0.0275 0.0550 0.0275
0.0206 0.0275 0.0344 m2



𝜮෡𝑿෡𝑿 = 𝜎0
2 ⋅ 𝑨𝑇𝑷𝑨 −1

= 0.055 m2 ⋅

0.625 0.500 0.375

0.500 1.000 0.500

0.375 0.500 0.625

=
0.0344 0.0275 0.0206
0.0275 0.0550 0.0275
0.0206 0.0275 0.0344 m2

𝜎ℎ2 = 𝜎ℎ4 = 0.0344 m2 = 0.185 m

𝜎ℎ3 = 0.0550 m2 = 0.235 m



𝜎ℎ2 = 𝜎ℎ4 = 0.0344 m2 = 0.185 m

𝜎ℎ3 = 0.0550 m2 = 0.235 m

𝑃1

𝑃2 𝑃3

𝑃4
0

Δℎ1,2 = 4.1

Δℎ4,1 = 1.2

Δℎ4,2 = 5

Δℎ3,4 = 1.1

Δℎ2,3 = −74.2 −2.6

−1.3

4.2

−6.8

5.5
1.3

1.3



𝜮෡𝑳෡𝑳 = 𝑨𝜮෡𝑿෡𝑿𝑨
𝑻

=

0.0344 −0.0069 −0.0069 −0.0206 0.0138
−0.0069 0.0344 −0.0206 −0.0069 −0.0138
−0.0069 −0.0206 0.0344 −0.0069 −0.0138
−0.0206 −0.0069 −0.0069 0.0344 0.0138
0.0138 −0.0138 −0.0138 0.0138 0.0275 m2



𝜮෡𝑳෡𝑳 = 𝑨𝜮෡𝑿෡𝑿𝑨
𝑻

=

0.0344 −0.0069 −0.0069 −0.0206 0.0138
−0.0069 0.0344 −0.0206 −0.0069 −0.0138
−0.0069 −0.0206 0.0344 −0.0069 −0.0138
−0.0206 −0.0069 −0.0069 0.0344 0.0138
0.0138 −0.0138 −0.0138 0.0138 0.0275 m2



𝜮෡𝑳෡𝑳 = 𝑨𝜮෡𝑿෡𝑿𝑨
𝑻

=

0.0344 −0.0069 −0.0069 −0.0206 0.0138
−0.0069 0.0344 −0.0206 −0.0069 −0.0138
−0.0069 −0.0206 0.0344 −0.0069 −0.0138
−0.0206 −0.0069 −0.0069 0.0344 0.0138
0.0138 −0.0138 −0.0138 0.0138 0.0275 m2



𝜮෡𝑳෡𝑳 = 𝑨𝜮෡𝑿෡𝑿𝑨
𝑻

=

0.0344 −0.0069 −0.0069 −0.0206 0.0138
−0.0069 0.0344 −0.0206 −0.0069 −0.0138
−0.0069 −0.0206 0.0344 −0.0069 −0.0138
−0.0206 −0.0069 −0.0069 0.0344 0.0138
0.0138 −0.0138 −0.0138 0.0138 0.0275 m2

𝜎Δℎ1,2 = 𝜎Δℎ2,3 = 𝜎Δℎ3,4 = 𝜎Δℎ4,1 = 0. 0344 m2 = 0.185 m

𝜎Δℎ4,2 = 0. 0275 m2 = 0.166 m

ො𝜎0 = 0.23 m ⟶



𝜮෡𝑿෡𝑿 = 𝜎0
2 𝑨𝑇𝑷𝑨 −1

𝜮෡𝑳෡𝑳 = 𝑨𝜮෡𝑿෡𝑿𝑨
𝑻

𝒗𝑇𝑷𝒗 → Min

෠𝑳 = 𝑨෡𝑿


