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B Always apply horizontal combination How to implement this
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Size of subtree := number of vertices
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drawings up to translation

\.

General rooted tree Optimal area?

)
A4
largest
) subtree
2nd largest
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HV-Drawings — Result

‘Theorem. e
Let T be aMtree with n vertices. The right-heavy
algorithm constructs in O(n) time a drawing [ of T s.t.:

m [ is an HV-drawing
(planar, Srtireseaal _strictly right- /downward)

m Width is at most n — 1
B Height is at most logn
B Areais in O(nlogn)

® Simply and axially isomorphic subtrees have congruent

drawings up to translation
. J

General rooted tree Optimal area?

? largest : .
——— | subtree Not with d|V|de.& conquer approach, b.ut can
i be computed with Dynamic Programming.
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Radial Layouts — Applications

Flare Visualization Toolkit code structure
by Heer, Bostock and Ogievetsky, 2010

& Greek ‘I\/Iyt.h Family
by Ribecca, 2011
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Radial Layouts — Drawing Style

Drawing conventions

B Vertices lie on circular layers
according to their depth

B Drawing is planar

Drawing aesthetics
B Distribution of the vertices

How can an algorithm optimize the
distribution of the vertices?
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Radial Layouts — How To

Avoid Crossings

B 7, — angle of the wedge corre-
sponding to vertex u

B /(u) — number of nodes in the
subtree rooted at u

B p; — radius of layer ¢

B cos %‘ — P
Pi+1

— mi (u) Pi
mT, = mm{e(v)_l,Zarccos gl

B Alternative:

— Pi

Vrax = (v, + arccos ﬁ
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‘begin
| postorder(r)

preorder(r, 0,0, 27)

| return (dv, a’U)’UEV(T)

.| // vertex pos./polar coord.

‘postorder(vertex v)

| l(v) 1 .

foreach child w of v do
calculate the size of
Lthe subtree recursively
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RadialTreeLayout(tree T, root r € T, radii p1 < --- < pi) | preorder(vertex v, t, Qmin, Ctmax)

begin dy < pt
postorder(r) f);vtt (()atn;n + Qmax) /2
preorder(r, 0,0, 27) ! en
return (d,, o )yev (1) QUmin $— Max{ Qmin, Q. —arccos pf_il}
Qmax <— MiN{ aimax, Qu,, +arccos 2}
— ’ Pt+1

postorder(vertex v)
l(v) + 1
foreach child w of v do

L postorder(w)
l(v) < L(v) + £(w)
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RadialTreeLayout(tree T, root r € T, radii p1 < --- < pi) | preorder(vertex v, t, Qmin, Ctmax)

begin dy < pt
postorder(r) f);vtt (()atn;n + Qmax) /2
preorder(r, 0,0, 27) ! en
return (d,, o )yev (1) QUmin $— Max{ Qmin, Q. —arccos pf_il}
Qmax <— MiN{ aimax, Qu,, +arccos 2}
— ’ Pt+1

postorder(vertex v) left <— Qumin

l(v) + 1
foreach child w of v do

L postorder(w)
l(v) < L(v) + £(w)
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RadialTreeLayout(tree T, root r € T, radii p1 < --- < pi) | preorder(vertex v, t, Qmin, Ctmax)

begin dy < pt
(s 00,20 - othen
feturn (dv: a;);EV(T) L Qtmin $— Max{ Qmin, Oty —arccos pf_il}
L Qmax <— MiN{ aimax, (i, +arccos ﬁ}
left <+ oumin

postorder(vertex v)
l(v) + 1
foreach child w of v do

L postorder(w)
l(v) < L(v) + £(w)

foreach child w of v do
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RadialTreeLayout(tree T, root r € T, radii p1 < --- < pi) | preorder(vertex v, t, Qmin, Ctmax)

begin

postorder(r)
preorder(r, 0,0, 27)
return (d,, a, )’UGV(T)

postorder(vertex v)

l(v) + 1

foreach child w of v do
postorder(w)

L l(v) + £(v) + £(w)

de <— pt

Qy < (amin + Oémax)/2

if £ > 0 then
QUmin $— Max{ Qmin, Q. —arccos pf_il}
Qmax <— MiN{ aimax, (i, +arccos ﬁ}

left <+ oumin
foreach child w of v do

’I"’I/ght < left + e(ﬁé’;u_)l '(amax — Ofmin)
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RadialTreeLayout(tree T, root r € T, radii p1 < --- < pi) | preorder(vertex v, t, Qmin, Ctmax)

begin

postorder(r)
preorder(r, 0,0, 27)
return (d,, a, )’UGV(T)

postorder(vertex v)

l(v) + 1

foreach child w of v do
postorder(w)
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Qy < (amin + Oémax)/2

if £ > 0 then
QUmin $— Max{ Qmin, Q. —arccos pf_il}
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foreach child w of v do

’I"’I/ght < left + e(ﬁé’;u_)l '(amax — Ofmin)

preorder(w,t + 1, left, right)
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RadialTreeLayout(tree T, root r € T, radii p1 < --- < pi) | preorder(vertex v, t, Qmin, Ctmax)

begin

postorder(r)
preorder(r, 0,0, 27)
return (d,, a, )’UGV(T)

postorder(vertex v)

l(v) + 1

foreach child w of v do
postorder(w)

L l(v) + £(v) + £(w)

de <— pt

Qy < (amin + Oémax)/2

if £ > 0 then
QUmin $— Max{ Qmin, Q. —arccos pf_il}
Qmax <— MiN{ aimax, (i, +arccos ﬁ}

left <+ oumin
foreach child w of v do

’I"’I/ght < left + e(ﬁé’;u_)l '(amax — Ofmin)

preorder(w,t + 1, left, right)
| left < right
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Series-Parallel Graphs

A graph G is series-parallel, if
B it contains a single (directed) edge (s,t), or

B it consists of two series-parallel graphs ¢, G5
with sources s1, s> and sinks t1, t» that are
combined using one of the following rules:

Series composition
t2

Y t1 = $2

S1 S92

51

L
convince yourself
that series-parallel
S graphs are planar

Parallel composition

t1 = 1o

81282
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Series-Parallel Graphs — Decomposition Tree

A decomposition tree of (G is a binary tree 1" with nodes of three
types: S, P and Q-type
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Series-Parallel Graphs — Decomposition Tree

A decomposition tree of (G is a binary tree 1" with nodes of three
types: S, P and Q-type

B A Q-node represents a single edge

B An S-node represents a series composition;
Its children and 75 represent and (5

B A P-node represents a parallel composition;
its children and 75 represent and (>

@ @\
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Series-Parallel Graphs — Drawing Style

Drawing conventions
m Planarity

B Straight-line edges
m Upward

Drawing aesthetics
B Area

B Symmetry
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Series-Parallel Graphs — Straight-Line Drawings

Divide & conquer algorithm using the decomposition tree
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Series-Parallel Graphs — Straight-Line Drawings

Divide & conquer algorithm using the decomposition tree

B Draw G inside a right-angled isosceles bounding triangle A(G) A(G)
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Series-Parallel Graphs — Straight-Line Drawings

Divide & conquer algorithm using the decomposition tree

B Draw G inside a right-angled isosceles bounding triangle A(G)

Base case: Q-nodes

Conquer:
B S-nodes / series composition

t
¢
A(G2)
A(G)
b g A(Gy)

Divide: Draw GG7; and G5 first

QA(Gl)

A(G?)

A(G)
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Series-Parallel Graphs — Straight-Line Drawings

Divide & conquer algorithm using the decomposition tree

B Draw G inside a right-angled isosceles bounding triangle A(G)
Base case: Q-nodes Divide: Draw GG; and G5 first

Conquer:

B S-nodes / series composition QA(Gl)

B P-nodes / parallel composition
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Series-Parallel Graphs — Straight-Line Drawings

Divide & conquer algorithm using the decomposition tree

B Draw G inside a right-angled isosceles bounding triangle A(G)
Base case: Q-nodes Divide: Draw GG; and G5 first

Conquer:

B S-nodes / series composition QA(Gl)

B P-nodes / parallel composition
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Series-Parallel Graphs — Straight-Line Drawings

Divide & conquer algorithm using the decomposition tree

B Draw G inside a right-angled isosceles bounding triangle A(G) A(G)
Base case: Q-nodes Divide: Draw GG; and G5 first
Conquer:
B S-nodes / series composition QA(Gl) A(G2)
B P-nodes / parallel composition "

&

A(G) A(Gy) A(G2)
s
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Series-Parallel Graphs — Straight-Line Drawings

Divide & conquer algorithm using the decomposition tree

B Draw G inside a right-angled isosceles bounding triangle A(G) A(G)
Base case: Q-nodes Divide: Draw GG7; and G5 first
Conquer:

B S-nodes / series composition A(G2)

B P-nodes / parallel composition
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Series-Parallel Graphs — Straight-Line Drawings

Divide & conquer algorithm using the decomposition tree

B Draw G inside a right-angled isosceles bounding triangle A(G) A(G)
Base case: Q-nodes Divide: Draw GG7; and G5 first
Conquer:

B S-nodes / series composition A(G2)

B P-nodes / parallel composition

Do you see any problem?
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Series-Parallel Graphs — Straight-Line Drawings

Divide & conquer algorithm using the decomposition tree

B Draw G inside a right-angled isosceles bounding triangle A(G) A(G)
Base case: Q-nodes Divide: Draw GG7; and G5 first
Conquer:

B S-nodes / series composition A(G2)

B P-nodes / parallel composition

S
single edge
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Series-Parallel Graphs — Straight-Line Drawings

Divide & conquer algorithm using the decomposition tree

B Draw G inside a right-angled isosceles bounding triangle A(G) A(G)
Base case: Q-nodes Divide: Draw GG7; and G5 first
Conquer:

B S-nodes / series composition A(G2)

B P-nodes / parallel composition

S
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Series-Parallel Graphs — Straight-Line Drawings
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Series-Parallel Graphs — Straight-Line Drawings

Divide & conquer algorithm using the decomposition tree

B Draw G inside a right-angled isosceles bounding triangle A(G) A(G)
Base case: Q-nodes Divide: Draw GG7; and G5 first
Conquer:

B S-nodes / series composition A(G2)

B P-nodes / parallel composition

S
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Series-Parallel Graphs — Straight-Line Drawings

Divide & conquer algorithm using the decomposition tree

B Draw G inside a right-angled isosceles bounding triangle A(G) A(G)
Base case: Q-nodes Divide: Draw GG7; and G5 first
Conquer:

B S-nodes / series composition A(G2)

B P-nodes / parallel composition

S
change embedding!
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Series-Parallel Graphs — Straight-Line Drawings
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Series-Parallel Graphs — Straight-Line Drawings
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Series-Parallel Graphs — Straight-Line Drawings

B What makes parallel composition possible without creating crossings?
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Series-Parallel Graphs — Straight-Line Drawings

B What makes parallel composition possible without creating crossings?
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Assume the following holds:
the only vertex in angle(v) is s

B This condition is preserved during the induction step.
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Series-Parallel Graphs — Straight-Line Drawings

B What makes parallel composition possible without creating crossings?

1 9
N
! N
] N\
N
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N
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1 A Y
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™
4

Assume the following holds:
the only vertex in angle(v) is s

B This condition is preserved during the induction step.

Lemma.
The drawing produced by the algorithm is planar.
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Series-Parallel Graphs — Result

‘Theorem.
Let G be a series-parallel graph. Then G (with variable
embedding) admits a drawing [ that

W is upward planar and
B a straight-line drawing
® with area in O(n?).

B Isomorphic components of G have congruent drawings
up to translation.

[ can be computed in O(n) time.

\. J
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Series-Parallel Graphs — Fixed Embedding

‘Theorem. [Bertolazzi et al. 94]

There exists a 2n-vertex series-parallel graph G,, such that any

QQ(4™) area.

.

upward planar drawing of G, that respects the embedding requires

J
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Series-Parallel Graphs — Fixed Embedding

‘Theorem. [Bertolazzi et al. 94]

There exists a 2n-vertex series-parallel graph G,, such that any
upward planar drawing of G,, that respects the embedding requires
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Series-Parallel Graphs — Fixed Embedding

‘Theorem. [Bertolazzi et al. 94]

There exists a 2n-vertex series-parallel graph G,, such that any
upward planar drawing of G,, that respects the embedding requires

QQ(4™) area.
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Series-Parallel Graphs — Fixed Embedding

‘Theorem. [Bertolazzi et al. 94]

There exists a 2n-vertex series-parallel graph G,, such that any
upward planar drawing of G,, that respects the embedding requires

QQ(4™) area.
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Series-Parallel Graphs — Fixed Embedding

‘Theorem. [Bertolazzi et al. 94]

There exists a 2n-vertex series-parallel graph G,, such that any
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Series-Parallel Graphs — Fixed Embedding

‘Theorem. [Bertolazzi et al. 94]
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Series-Parallel Graphs — Fixed Embedding

‘Theorem. [Bertolazzi et al. 94]

There exists a 2n-vertex series-parallel graph G,, such that any
upward planar drawing of G,, that respects the embedding requires

QQ(4™) area.

. J

B 2. Area(Grn) < Area(N)

g’
Aq
O s /sn+1 M
Go / 7 .



31-16

Series-Parallel Graphs — Fixed Embedding

‘Theorem. [Bertolazzi et al. 94]

There exists a 2n-vertex series-parallel graph G,, such that any
upward planar drawing of G,, that respects the embedding requires
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Series-Parallel Graphs — Fixed Embedding

‘Theorem. [Bertolazzi et al. 94]

There exists a 2n-vertex series-parallel graph G,, such that any
upward planar drawing of G,, that respects the embedding requires

QQ(4™) area.
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B 2. Area(l) < Area(Gp+1)
B 4. Area(Grn) < Area(Gr+1)

g’
Aq
O s /sn+1 M
Go / 7 .



| iterature

B [GD Chapter 3] for divide and conquer methods for rooted trees and
series-parallel graphs

B [Reingold, Tilford '81] “Tidier Drawings of Trees”
original paper for level-based layout algo

m [Reingold, Supowit '83] “The complexity of drawing trees nicely”
NP-hardness proof for area minimisation & LP

B treevis.net — compendium of drawing methods for trees
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