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Typical queries for data bases!
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Extensions to 2D

Task: Preprocess a finite set P C R? such that for any
range query R = [x, x| X |y, '] the set PN R can
be reported quickly.

Solutions:

B one tree;

query path alternates between x- and y-coord. }kd-tree

B first-level tree for x-coordinates;
many second-level trees for y-coord.

} range tree

Assume: General position!
Here: no two points have the same x- or y-coordinate.
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Range Trees: Query Algorithm

1. Search in main tree for x-coordinate @~ _.._.

2. For each node u
on the path from vgy;; to p

For the right child v of u:

Search in auxiliary tree 7/
for points with
y-coordinate € [y, 1]

e
Mm

N
P(v) = canonical subset of 7T

3. Symmetrically for the
path from g, to .
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construct 2nd-level tree 7p on P (y-order) Tp
if P = {p} then “Ip
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else

Xmig = median x-coordinate of P
Pt = pts in P with x-coordinate < x,;q
P right — >

return v
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Range Trees: Construction

Build2DRangeTree(point| | P) /\
construct 2nd-level tree 7p on P (y-order) § Tp
if P = {p} then “Ip
| create leaf v:

else Running time?
Xmig = median x-coordinate of P O(nlogn) :~(
Pt = pts in P with x-coordinate < x,;q
p. _ ~ Better:

right Pre-sort once,

Dleft — Bu{leDRangeTree(Pleft) then build tree
Uright = Build2DRangeTree(Pright) bottom-up

in linear time.

U
Total

construction
time O(nlogn)

create node v:

return v
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Range Trees: Space Consumption

Each node v of the 1st-level tree has a
pointer to a 2nd-level tree 7, with

To| = O(|P(v)]).

Q: What's the total space consumption
of all 2nd-level trees?

What's your guess:

m On ) How many trees
B ®(n log n), will contain a
iven point?
®(nlog? n), o &
O(n)?

A: Each p € P is stored in h = O(logn) 2nd-level trees. 7
= O(nlogn) space
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u € paths to y and p//
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= O(Xy ku) +O(Ly logn)
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Range Trees: Query time

T(n,k) = Y O(k, + logn)

u € paths to y and p//
= O(Xuku) +O(L, logn)
= O(k) +2h - O(logn)
= O(k +log” n)

R%? O(nlog? 1 n) storage and construction time

O(k +log” n) query time
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Range Trees: Query time

T(n, k)=

Z O(k, +logn)

u € paths to y and p//
= O(Xuku) +O(L, logn)
= O(k) +2h - O(logn)
= O(k +log”n)

O(nlog? ! n) storage and construction time

O(k +log” n) query time

See Chapter 5.4 in Comp. Geom A&A



Comparison

kd-tree range tree
construction time | O(nlogn) O(nlogn)
storage O(n) O(nlogn)
query time O(k+ /n) | O(k +log* n)
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Comparison

kd-tree range tree
construction time | O(nlogn) O(nlogn)
storage O(n) O(nlogn)
query time O(k+ /n) | O(k +log” n)

Note: trade-off between space and query time
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General Sets of Points
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General Sets of Points

Idea: use composite numbers (a|b) with lex order
p=(xy) = p=((x]y), (y|x))—» unique coordin.
range R = [x, x'] X [y, 1]

'

A\

R = [(x] — o0), (x'| +0)] X [(y] — 00), (¥'| + o))

Show: p€ R & pcR

This removes our assumption about the input points being
in general position.
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General Sets of Points
Idea: use composite numbers (a|b) with lex order
p=(xy) = p=((x]y), (y|x))—» unique coordin.
range R = [x, x'] X [y, 1]
'

R = [(x] — o0), (x'| +0)] X [(y] — 00), (¥'| + o))

Show: p€ R & pcR

This removes our assumption about the input points being
in general position.

We can use kd-trees and range trees for any set of points;
no matter how many points have the same x- or y-coord.
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Fractional Cascading

23 -

Task 1: Given sets B C A C IN stored in sorted order in
arrays A[l..n] and B|[1..m], support 1d range
queries in the multiset AUB in k+1-logn time!
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arrays A[l..n] and B|[1..m], support 1d range
queries in the multiset AUB in k+1-logn time!
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Fractional Cascading

23-13

Task 1: Given sets B C A C IN stored in sorted order in
arrays A[l..n] and B|[1..m], support 1d range
queries in the multiset AUB in k+1-logn time!

We allow nlog m bits extra space.

Task 2:

Speed up 2d range queries:

O(k +1log®n) — O(k +logn) time!
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10 19 | 30 | 62 | 70 | 80 | 100

linka € A
with smallest
b>ain B

[dBCvKO'08]



Layered Range Trees

@ () @ @ @ @ B

2] [5](7](8][12][15

24 -



Layered Range Trees

@ () @ @ @ @ B

2] [5](7](8][12][15

LS

[ 3]10[19[23[30[37[49[59{62][70]80]89]95]99]|

24 -



Layered Range Trees

X

>

(8] (32
(5) (12) () (59)
@ () @ @ @ @ B

2] [5](7](8][12][15 21] [33] [41] [52 67] 193]

LS

[ 3]10[19[23[30[37[49[59{62][70]80]89]95]99]|

[ 3]10[19[37[62]80]99]

[23]30[49]59[70]89]95]

24 - ¢



Layered Range Trees

(5) (12) (3) (58)
@ () @ @ @ @ B

2] [5](7](8][12][15 21] [33] [41] [52 67] 193]

LS

| 3 |10|19|23|30|37|49|59|62|70|80|89|95|99|

( (T

[ 3]10[19[37[62]80]99]

[23]30[49]59[70]89]95]

24 -



Layered Range Trees

X

>

(8] (32
(5) (12) () (59)
@ () @ @ @ @ B

2] [5](7](8][12][15 21] [33] [41] [52 67] 193]

LS

[ 3]10[19[37[62]80]99]

Wy Y
[23]30[49]59]70]89]95]

24 -



Layered Range Trees

X

>

(8] (32

LS

[ 3]10[19[37[62]80]99]

(5) (15) (33) (58) [T0[19]37]80] 3 [62]99]

@ () @ @ @ @ B

2] [5](7](8][12][15

Wy Y
[23]30[49]59]70]89]95]

24 -



Layered Range Trees

X

>

(3) (52)

Y

[3]10[19]37[62]80]%9]
S ERY TN ER E A R

@ B8 ®

@ @O @O ® @ B @

2][5][71 (8] [12 i3

Wy Y
[23]30]49]59[70[89]95]

24 -



24 -

Layered Range Trees

X o Y o

(17) [3]10]19]23]30]37[49]59]62[70[80][89]95]99]
CTT [ TE TE Ti i T TE i oTE TE oTE T

w ¥
(8) (52) [3T10[19]37]62]80]99] [23]30]49]59[70]89]95]
L1 J1 1@ 1% Tf |3

(5) (12) (3) (58)
@ () @ @ @ @ B

[23[30[29]95] [59[70]89]

2] [5](7](8][12][15



24 -

Layered Range Trees

X o Y o

(8] (32
(5) (12) () (59)
@ () @ @ @ @ B

2] [5](7](8][12][15



24 -10

Layered Range Trees

X o v

(8] (32

(5) (15) (33) (58) [10]19]37]380] (3 [62]99] [23T30749]95] [59]70]89]
N I

v
2) (7)) (@ 1) () (67) [M980] [10]37]

2] [5](7](8][12][15



24 -11

Layered Range Trees

X o v

(8] (32
(5) (12) () (59) [10

[19]37]80]
L

v
2) (7)) (@ 1) () (67) [M980] [10]37]

2] [5](7](8][12][15



24 -12

Layered Range Trees

X o Y o
(17) |

: 3 3 '
(8) (52) [3T10[19]37]62]80]99] [23]30]49]59[70]89]95]
R N R E ER . I T

) | Y
2) (7)) (@ ) () (67) [9780] [10]37] [3[99] [62] [30[49][23]95] [59][70]89]

(5) (12) () (59)

2] [5](7](8][12][15



24 -13

Layered Range Trees

X o Y o
(17) |

: 3 3 '
(8) (52) [3T10[19]37]62]80]99] [23]30]49]59[70]89]95]
R N R E ER . I T

(5) (12) (33) 58)
@ @ © Q) @) @ | 7] DG GO |

2] [5](7](8][12][15

[49][30] [95][23]




24 -14

Layered Range Trees

X o Y o
(17) |

: 3 3 '
(8) (52) [3T10[19]37]62]80]99] [23]30]49]59[70]89]95]
R N R E ER . I T

(5) (12) (3) (58)
@ () @ @ @ @ B

2] [5](7](8][12][15




Layered Range Trees

X

>

24 -15

LS

(8] (32

(5) (12) () (59)

| A |

@ @ @M@ @ @ B © [19]0

2] [30]49]]
S

b Y

|
3195] [59][70189]

2] [5](7](8][12][15 21] [33] [41] [52 67] 193] [%

16, 53] x [18, 60]




Layered Range Trees

X

>

(17)

24 -16

LS

(8] (32

(5) (12) () (59)

| A |

@ @ @M@ @ @ B © [19]0

2] [30]49]]
S

b Y

|
3195] [59][70189]

2] [5](7](8][12][15 21] [33] [41] [52 67] 193] [%

16, 53] x [18, 60]




Layered Range Trees

X

>

(17)

24 -17

LS

(8] (532

(5) (12) () (59)

| A |

@ @ @M@ @ @ B © [19]0

2] [30]49]]
S

b Y

|
3195] [59][70189]

2] [5](7](8][12][15 21] [33] [41] [52 67] 193] [%

16, 53] x [18, 60]




Layered Range Trees

X

>

(17)

24 -18

LS

(8] (532

(5) (12) () (59)

| A |

@ @ @M@ @ @ B © [19]0

2] [30]49]]
S

b Y

|
3195] [59][70189]

2] [5](7](8][12][15 21] [33] [41] [52 67] 193] [%

16, 53] x [18, 60]




Layered Range Trees

X

>

(17)

24 -19

LS

(8] (532

(5) (12) () (59)

| A |

@ @ @ @ @ @ B © [19]0

2] [30]49]]
S

b Y

|
3195] [59][70189]

2] [5](7](8][12][15 21] [33] [41] [52 67] 193] [%

16, 53] x [18, 60]




Layered Range Trees

X

>

(17)

24 - 20

LS

(8] (532

(5) (12) (59 (59)

| A |

@ @ @ @ @ @ B © [19]0

2] [30]49]]
S

b Y

|
3195] [59][70189]

2] [5](7](8][12][15 21] [33] [41] [52 67] 193] [%

16, 53] x [18, 60]




24 -21

Layered Range Trees

X o Y o

(17) [3 |10|19|23|30|37|49|59|62|70|80|89|95|99|
LY L ] HREE

(8] (532
(5) (12) (59 (59)
@ () @ @ @ @ B

2] [5](7](8][12][15 21] [33] [41] [52 67] 193]

16, 53] x [18, 60]



24 -22

Layered Range Trees

X o VAR Y

(17)

(8] (532
(5) (12) (59 (59)
@ () @ @ @ @ B

2] [5](7](8][12][15

16, 53] x [18, 60]



24 -23

Layered Range Trees

X o VAR Y

(17)

(8) (532
(5) (12) (59 (59)
@ () @ @ @ @ B

2] [5](7](8][12][15

16, 53] x [18, 60]



24 -24

Layered Range Trees

X o VAN Y

(17)
o 2 pamn i o I A
© ® 63 (5) 30|42|9|5
@ @ © @) (@) ©7) 9|||2§|“?"§| ||59§||%";?|89§|

2] [5](7](8][12][15

16, 53] x [18, 60]



24 -25

Layered Range Trees

X o VAN Y

(17)
S 2 pamn i o I A
© ® 63 (5) 30|42|9|5
@ @ © @) (@) ©7) 9|||2§|“?"§| ||59§||%";?|89§|

2] [5](7](8][12][15

16, 53] x [18, 60]



24 - 26

Layered Range Trees

X VAN Y o

(17) [3 |10|19|23|30|37|49|59|62|70|80|89|95|99|
B ] ] HELENE

(8) (532
(5) 12) (59 (59)
@ () @ @ @ @ B

2] [5](7](8][12][15 21] [33] [41] [52 67] 193]

16, 53] x [18, 60]



24 - 27

Layered Range Trees

X VAN Y o

(17) [3 |10|19|23|30|37|49|59|62|70|80|89|95|99|
B ] ] HELENE

(8) (532
(5) 12) (59 (59)
@ () @ @ @ @ B

2] [5](7](8][12][15 21] [33] [41] [52 67] 193]

16, 53] x [18, 60]



24 - 28

Layered Range Trees

X VAN Y o

(17) [3 |10|19|23|30|37|49|59|62|70|80|89|95|99|
B ] ] HELENE

(8) (532
(5) 12) (59 (59)
@ () @ @ @ @ B

2] [5](7](8][12][15 21] [33] [41] [52 67] 193]

16, 53] x [18, 60]



24 -29

Layered Range Trees

L > A\/\ y»

@ '3@_"}?'19'??'??'3.7;'49;"?9'62'70'80'8.9'??'99;'
(8) &) I3I10I19I37|62|80|?'9|/%I3QI4%9||5_9|§Q|§9|9|5|
. L QUCTJT
(5) (12) (33) D e e
2 O ®© @) (@) (67) I19If|30I I10I37I [3 1991 [e2] [301%9 |||23|%5| ||59_||7o|89|
B8]k B|E]E %80 10 37 rlﬂrgﬁ mm mE e

1
YY YV YV YV YV VY YV YV YV YV YV VY

16, 53] x [18, 60]



24 - 30

Layered Range Trees

X VAN Y o

(17) |3|10|19|23|30|37|49|59|62|70|80|89|95|99|
B T 17 Tt ] TI: N

(8) (52 '?'“?'1'?7'??'?‘?'?(%‘3(?'4%?',5?'3“??'9,52'
(5) ® ) (59) : 25T30]49]55
2 O ®© @) (@) (67) I19If|30I I10I37I [3 1991 [e2] [301%9 |||23|%5| ||59_||7o|89|
B E S %80 10 37 rlﬂrgﬁ mm mE e

1
YY YV YV YV YV VY YV YV YV YV YV VY

16, 53] x [18, 60]



24 - 31

Layered Range Trees

X VAN Y o

(17) |3|10|19|23|30|37|49|59|62|70|80|89|95|99|
B T 17 Tt ] TI: N

(8) (52 '?'“?'1'?7'??'?‘?'?(%‘3(?'4%?',5?'3“??'9,52'
(5) ® ) (59) : 233014919
2 O ®© @) (@) (67) I19If|30I I10I37I [3 1991 [e2] [301%9 |||23|%5| ||59_||7o|89|
B E S %80 10 37 rlﬂrgﬁ mm mE e

1
YY YV YV YV YV VY YV YV YV YV YV VY

16, 53] x [18, 60]



24 - 32

Layered Range Trees

X VAN Y o

(17) |3 |10|19|23|30|37|49|59|62|70|80|89|95|99|
I I i

A |
(8) (52) |3|10|19|37|62|80|99| y—;|30|49| 59 O|89|95|

2) (7)) (@ ) () (67) |19|a|30| |10|37| [3199] [e2 |30| ||23|95| ||59||70|89|

|: |
nEluBlElE %80 19 37 rlﬂrgﬁ @] ] [55][=]
YY YV YV YV YV YV YV ¥V YV ¥V YV ¥V

16, 53] x [18, 60]



24 - 33

Layered Range Trees

X VAN Y o

(17) |3 |10|19|23|30|37|49|59|62|70|80|89|95|99|
I I i

A |
(8) (52) |3|10|19|37|62|80|99| y—;|30|49| 59 O|89|95|

2) (7)) (@ ) () (67) |19|a|30| |10|37| [3199] [e2 |30| ||23|95| ||59||70|89|

|: |
nEluBlElE %80 19 37 rlﬂrgﬁ @] ] [55][=]
YY YV YV YV YV YV YV ¥V YV ¥V YV ¥V

16, 53] x [18, 60]



24 - 34

Layered Range Trees

X VAN Y o

(17) [3 |10|19|23|30|37|49|59|62|70|80|89|95|99|
IH IH i i i i

' '
(8) (52) |3|10|19|37|62|80|99| | |30|49|59|70|89|95|
L |. i

| —
r9L9'1 @] ] [55][=]

L_i TR TR TR TR TR T,

16,53] x [18,60] — (21,49), (33,30), (52,23)

2] [5](7](8][12][15

1y vy



24 -35

Layered Range Trees

X VAR Y o

(17) |3 |10|19|23|30|37|49|59|62|70|80|89|95|99|
I I i

A |
(8) (52) |3|10|19|37|62|80|99| y—;|30|49| 59 O|89|95|

2) (7)) (@ ) () (67) |19|a|30| |10|37| [3199] [e2 |30| ||23|95| ||59||70|89|

|: |
nEluBlElE %80 19 37 rlﬂrgﬁ @] ] [55][=]
YY YV YV YV YV YV YV ¥V YV ¥V YV ¥V

16,53] x [18,60] — (21,49), (33,30), (52,23)

Theorem: Letd > 2 and let P be a set of 1 pts in R¥. |
Given O(n logd_1 n) preprocessing time &
storage, d-dim range queries on P can be

. answered in O(k + logd_1 n) time. )




24 - 36

Layered Range Trees

X VAR Y o

(17) |3 |10|19|23|30|37|49|59|62|70|80|89|95|99|
I I i

A |
(8) (52) |3|10|19|37|62|80|99| y—;|30|49| 59 O|89|95|

2) (7)) (@ ) () (67) |19|a|30| |10|37| [3199] [e2 |30| ||23|95| ||59||70|89|

|: |
nEluBlElE %80 19 37 rlﬂrgﬁ @] ] [55][=]
YY YV YV YV YV YV YV ¥V YV ¥V YV ¥V

16,53] x [18,60] — (21,49), (33,30), (52,23)

Theorem: Letd > 2 and let P be a set of 1 pts in R¥. |
Given O(n logd_1 n) preprocessing time &
storage, d-dim range queries on P can be

. answered in O(k + logd_1 n) time. )




	1D Range Searching
	Orthogonal Range Queries
	1D Range Searching
	1D Range Searching: Analysis
	Extensions to 2D

	Kd-Trees
	Kd-Trees: Example
	Kd-Trees: Construction
	Kd-Trees: Analysis
	Kd-Trees: Querying

	Range Trees
	Range Trees: Query Algorithm
	Range Trees: Construction
	Range Trees: Space Consumption
	Range Trees: Query time

	Comparison
	General Sets of Points
	Fractional Cascading
	Layered Range Trees


