
✶✳✷ ❉❡t❡r♠✐♥❛♥t❡♥

❇❡✐s♣✐❡❧ ✶✳✷✳✶✿

❲✐r st✉❞✐❡r❡♥ ③✉♥ä❝❤st ❞❛s ❛❧❧❣❡♠❡✐♥❡ r❡❡❧❧❡ ▲✐♥❡❛r❡ ●❧❡✐❝❤✉♥❣ss②st❡♠ ❞❡r
❋♦r♠✿

a11x1 +a12x2 = b1
a21x1 +a22x2 = b2

✶✳ ❋❛❧❧✿ (a11 = 0 ∧ a21 = 0)
❉❛♥♥ ❣✐❜t ❡s ❦❡✐♥❡ ❡✐♥❞❡✉t✐❣❡ ▲ös✉♥❣❀ ❡♥t✇❡❞❡r ✐st x1 ❢r❡✐ ✇ä❤❧❜❛r ♦❞❡r ❞✐❡
●❧❡✐❝❤✉♥❣❡♥ ❢ü❤r❡♥ ③✉ ❡✐♥❡♠ ❲✐❞❡rs♣r✉❝❤✳

✷✳ ❋❛❧❧✿ (a11 6= 0 ∨ a21 6= 0)
❙❡✐ ♥✉♥ a11 6= 0✱ ❛♥s♦♥st❡♥ t❛✉s❝❤❡♥ ✇✐r ❞✐❡ ❩❡✐❧❡♥✳

(
a11 a12 b1
a21 a22 b2

)
Z1 → Z1

Z2 −
a21
a11

· Z1 → Z2

 

(
a11 a12 b1
0 a22 − a12 ·

a21
a11

b2 − b1 ·
a21
a11

)

 

(
a11 a12 b1
0 a11a22−a12a21

a11

a11b2−b1a21
a11

)

❉❛s ▲✐♥❡❛r❡ ●❧❡✐❝❤✉♥❣ss②st❡♠ ✐st ❛❧s♦ ❣❡♥❛✉ ❞❛♥♥ ❡✐♥❞❡✉t✐❣ ❧ös❜❛r✱ ✇❡♥♥
a11a22 − a12a21 6= 0✳
❉❡r ❚❡r♠ a11a22 − a12a21 ❜❡st✐♠♠t ✭❂ ❞❡t❡r♠✐♥✐❡rt✮✱ ✇❛♥♥ ❣❡♥❛✉ ❡✐♥❡ ❡✐♥✲
❞❡✉t✐❣❡ ▲ös❜❛r❦❡✐t ❞❡s 2×2 ▲✐♥❡❛r❡♥ ●❧❡✐❝❤✉♥❣ss②st❡♠s ❣❡❣❡❜❡♥ ✐st✳ ❋ür ❞✐❡
▲ös✉♥❣ ❣✐❧t ❞❛♥♥✿

x2 =
a11b2 − a21b1

a11a22 − a21a12
; x1 =

b1a22 − b2a12

a11a22 − a21a12

❩ä❤❧❡r ✉♥❞ ◆❡♥♥❡r ✈♦♥ x2 ✉♥❞ x1 ✇❡✐s❡♥ ❛♥❛❧♦❣❡ ❚❡r♠str✉❦t✉r ❛✉❢ ✉♥❞ ❧❛ss❡♥
❞❛r❛✉❢ ❤♦✛❡♥✱ ❞❛ss s✐❝❤ ❡✐♥ ❛❧❧❣❡♠❡✐♥✲❣ü❧t✐❣❡s ❱❡r❢❛❤r❡♥ ❢ür ❞✐❡ ▲ös✉♥❣s♠❡♥✲
❣❡ ✈♦♥ Ax = b ♠✐t A ∈ M(n× n,R) ❡r❣✐❜t✳

❲✐r st❡❧❧❡♥ ✐♠ ❢♦❧❣❡♥❞❡♥ ♥✉r ❞✐❡ ❊r❣❡❜♥✐ss❡✴❇❡r❡❝❤♥✉♥❣s✈❡r❢❛❤r❡♥ ❢ür ❉❡✲
t❡r♠✐♥❛♥t❡♥ ✈♦♥ r❡❡❧❧❡♥ q✉❛❞r❛t✐s❝❤❡♥ ▼❛tr✐③❡♥ ❞❛r✱ ♦❤♥❡ ❞✐❡ ③✉❣❡❤ör✐❣❡♥
❊①✐st❡♥③✲ ✉♥❞ ❊✐♥❞❡✉t✐❣❦❡✐ts❜❡✇❡✐s❡ ③✉ ❢ü❤r❡♥✳

✼



❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✿

❊✐♥❡ ❉❡t❡r♠✐♥❛♥t❡ det ✐st ❡✐♥❡ ❆❜❜✐❧❞✉♥❣✱ ❞✐❡ ❥❡❞❡r r❡❡❧❧❡♥ ▼❛tr✐①
A ∈ M(n × n,R) ❡✐♥❡ r❡❡❧❧❡ ❩❛❤❧ detA ③✉♦r❞♥❡t✳ ❉❛❜❡✐ ♠üss❡♥ ❢♦❧❣❡♥❞❡
❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ❉❡t❡r♠✐♥❛♥t❡ ❡r❢ü❧❧t s❡✐♥✿

✭❲✐r ♥♦t✐❡r❡♥ ✐♠ ❢♦❧❣❡♥❞❡♥ ❞✐❡ ▼❛tr✐①A s♣❛❧t❡♥✇❡✐s❡✱ ❞✳❤✳A = (~a1, . . . , ~aj, . . . , ~an)
✇♦❜❡✐ ~aj ❞✐❡ j✲t❡ ❙♣❛❧t❡ ✈♦♥ A ❜❡③❡✐❝❤♥❡✳✮

✭✶✮ ❉✐❡ ❉❡t❡r♠✐♥❛♥t❡ ✐st ❛❞❞✐t✐✈ ✐♥ ❥❡❞❡r ❙♣❛❧t❡ ~aj = ~bj + ~cj✳

A = (~a1, . . . , ~aj, . . . , ~an) = (~a1, . . . , ~bj + ~cj, . . . , ~an)

⇒ detA = det(~a1, . . . , ~aj, . . . , ~an)

= det(~a1, . . . , ~bj + ~cj, . . . , ~an)

= det(~a1, . . . , ~bj, . . . , ~an) + det(~a1, . . . , ~cj, . . . , ~an)

✭✷✮ ❉✐❡ ❉❡t❡r♠✐♥❛♥t❡ ✐st ❤♦♠♦❣❡♥ ✐♥ ❥❡❞❡r ❙♣❛❧t❡ ~aj = r · ~bj; r ∈ R✳

A = (~a1, . . . , ~aj, . . . , ~an) = (~a1, . . . , r · ~bj, . . . , ~an)

⇒ detA = det(~a1, . . . , ~aj, . . . , ~an)

= det(~a1, . . . , r · ~bj, . . . , ~an)

= r · det(~a1, . . . , ~bj, . . . , ~an)

✭✸✮ ❉✐❡ ❉❡t❡r♠✐♥❛♥t❡ ✐st ❛❧t❡r♥✐❡r❡♥❞❀ ❞✳❤✳ ❞❛s ❱♦r③❡✐❝❤❡♥ ❞❡r ❉❡t❡r♠✐♥❛♥t❡
ä♥❞❡rt s✐❝❤ ❜❡✐ ❙♣❛❧t❡♥t❛✉s❝❤✳

det(~a1, . . . , ~ai, . . . , ~aj, . . . , ~an) = − det(~a1, . . . , ~aj, . . . , ~ai, . . . , ~an)

✭✹✮ ❉✐❡ ❉❡t❡r♠✐♥❛♥t❡ ✐st ♥♦r♠✐❡rt✳

❙❡✐ En :=




1 0 · · · 0

0
✳ ✳ ✳ ✳ ✳ ✳

✳✳✳
✳✳✳

✳ ✳ ✳ ✳ ✳ ✳ 0
0 · · · 0 1


 ⇒ detEn = 1

✭❇❡♠❡r❦✉♥❣✿ ■st ❡✐♥❡ ❆❜❜✐❧❞✉♥❣ ❛❞❞✐t✐✈ ✉♥❞ ❤♦♠♦❣❡♥✱ s♦ ✇✐r❞ s✐❡ ❧✐♥❡❛r ❣❡✲
♥❛♥♥t✳
❊✐♥❡ ❉❡t❡r♠✐♥❛♥t❡ ✐st ❛❧s♦ ❡✐♥❡ ♠✉❧t✐❧✐♥❡❛r❡✱ ❛❧t❡r♥✐❡r❡♥❞❡ ✉♥❞ ♥♦r♠✐❡rt❡
❆❜❜✐❧❞✉♥❣✳✮

✽



❲✐r ♥♦t✐❡r❡♥ ❡✐♥✐❣❡ ❋♦❧❣❡r✉♥❣❡♥ ❛✉s ❞❡r ❉❡✜♥✐t✐♦♥✳

▲❡♠♠❛ ✶✳✷✳✸✿

✭✐✮ ❙✐♥❞ ❞✐❡ i✲t❡ ✉♥❞ j✲t❡ ❙♣❛❧t❡ ❞❡r ▼❛tr✐① A ✐❞❡♥t✐s❝❤✱ ❞❛♥♥ ✐st ❞✐❡ ❉❡t❡r✲
♠✐♥❛♥t❡ ❣❧❡✐❝❤ 0✳
❉❡r ❇❡✇❡✐s ♥✉t③t ❞✐❡ ❊✐❣❡♥s❝❤❛❢t✱ ❞❛ss ❞✐❡ ❉❡t❡r♠✐♥❛♥t❡ ❛❧t❡r♥✐❡r❡♥❞ ✐st❀ ✇✐r
t❛✉s❝❤❡♥ ❞✐❡ i✲t❡ ✉♥❞ ❞✐❡ j✲t❡ ❙♣❛❧t❡ ♠✐t❡✐♥❛♥❞❡r✳

det(~a1, . . . ,~b, . . . ,~b, . . . , ~an) = − det(~a1, . . . ,~b, . . . ,~b, . . . , ~an)

⇒ 2 · det(~a1, . . . ,~b, . . . ,~b, . . . , ~an) = 0

⇒ det(~a1, . . . ,~b, . . . ,~b, . . . , ~an) = 0

✭✐✐✮ ❲✐r❞ ❞❡r ❙♣❛❧t❡♥✈❡❦t♦r ~aj ③✉ ~aj + r · ~al ✈❡rä♥❞❡rt✱ s♦ ❜❧❡✐❜t ❞✐❡ ❉❡t❡r♠✐✲
♥❛♥t❡ ❣❧❡✐❝❤✳

det(~a1, . . . , ~aj + r · ~al, . . . , ~an)
(1)
=

det(~a1, . . . , ~aj, . . . , ~an) + det(~a1, . . . , r · ~al, . . . , ~an)
(2)
=

det(~a1, . . . , ~aj, . . . , ~an) + r · det(~a1, . . . , ~al, . . . , ~an) =

det(~a1, . . . , ~aj, . . . , ~an) + r · det(~a1, . . . , ~al, . . . , ~al, . . . ~an)
(3)
=

det(~a1, . . . , ~aj, . . . , ~an) + r · 0 =

det(~a1, . . . , ~aj, . . . , ~an)

✭✶✮ ❉❡t❡r♠✐♥❛♥t❡ ✐st ❛❞❞✐t✐✈✳
✭✷✮ ❉❡t❡r♠✐♥❛♥t❡ ✐st ❤♦♠♦❣❡♥✳
✭✸✮ ▲❡♠♠❛ ✶✳✷✳✸

❙❛t③ ✶✳✷✳✹✿

■st A ∈ M(n × n,R) ❡✐♥❡ ♦❜❡r❡ ✭♦❞❡r ✉♥t❡r❡✮ ❉r❡✐❡❝❦s♠❛tr✐①✱ ❞❛♥♥ ✐st ❞✐❡

❉❡t❡r♠✐♥❛♥t❡ ✈♦♥ A ❞❛s Pr♦❞✉❦t ❞❡r ❉✐❛❣♦♥❛❧❡❧❡♠❡♥t❡✳ detA =
n∏

j=1

ajj

✭❊✐♥❡ ▼❛tr✐① A ∈ M(n×n,R) ❤❡✐ÿt ♦❜❡r❡ ❉r❡✐❡❝❦s♠❛tr✐①✱ ❢❛❧❧s ❛❧❧❡ ❊✐♥trä❣❡
✉♥t❡r❤❛❧❜ ❞❡r ❉✐❛❣♦♥❛❧❡♥ 0 s✐♥❞✱ ❛❧s♦ A = (aij) ♠✐t aij = 0, ❢❛❧❧s i > j✳
❊✐♥❡ ▼❛tr✐① A ∈ M(n×n,R) ❤❡✐ÿt ✉♥t❡r❡ ❉r❡✐❡❝❦s♠❛tr✐①✱ ❢❛❧❧s ❛❧❧❡ ❊✐♥trä❣❡
♦❜❡r❤❛❧❜ ❞❡r ❉✐❛❣♦♥❛❧❡♥ 0 s✐♥❞✱ ❛❧s♦ A = (aij) ♠✐t aij = 0, ❢❛❧❧s i < j✳✮

❙❛t③ ✶✳✷✳✺✿

✭✶✮ ▼❛tr✐③❡♥ ❣❧❡✐❝❤❡r ●röÿ❡ ❦ö♥♥❡♥ ❛❞❞✐❡rt ✇❡r❞❡♥✳

❙❡✐❡♥ A,B ∈ M(m× n,R) ♠✐t A = (aij) 1≤i≤m

1≤j≤n

✉♥❞ B = (bij) 1≤i≤m

1≤j≤n

✱

❞❛♥♥ ✐st A+B = (aij + bij) 1≤i≤m

1≤j≤n

✾



✭✷✮ ▼❛tr✐③❡♥ ♣❛ss❡♥❞❡r ●röÿ❡ ❦ö♥♥❡♥ ♠✉❧t✐♣❧✐③✐❡rt ✇❡r❞❡♥✳

❙❡✐ A ∈ M(m× n,R) ✉♥❞ C ∈ M(n× r,R) ♠✐t

A = (aij) 1≤i≤m

1≤j≤n

✉♥❞ C = (cjk) 1≤j≤n

1≤k≤r

✱

❞❛♥♥ ✐st A · C = D = (dik) 1≤i≤m

1≤k≤r

✉♥❞ dik =
n∑

k=1

aij · cjk✳

✭❉❛❜❡✐ ✇✐r❞ ❞✐❡ i✲t❡ ❩❡✐❧❡ ✈♦♥ A ♠✐t ❞❡r k✲t❡♥ ❙♣❛❧t❡ ✈♦♥ C ❦♦♠♣♦♥❡♥t❡♥✲
✇❡✐s❡ ♠✉❧t✐♣❧✐③✐❡rt ✉♥❞ ❛♥s❝❤❧✐❡ÿ❡♥❞ ❛❞❞✐❡rt✳

❙❛t③ ✶✳✷✳✻✿

❙✐♥❞ A;B ∈ M(n× n,R) ③✇❡✐ q✉❛❞r❛t✐s❝❤❡ ▼❛tr✐③❡♥✱ s♦ ❣✐❧t✿

det(A · B) = det(A) · det(B)

❉❡✜♥✐t✐♦♥ ✶✳✷✳✼✿

❋ür ❥❡❞❡ ▼❛tr✐① A ∈ M(m × n,R);A = (aij) 1≤i≤m

1≤j≤n

✐st A⊤ := (ãij) 1≤i≤n

1≤j≤m

♠✐t

ãij = aji ❞✐❡ ③✉❣❡❤ör✐❣❡ tr❛♥s♣♦♥✐❡rt❡ ▼❛tr✐①✳
❉✐❡ i✲t❡ ❙♣❛❧t❡ ✈♦♥ A⊤ ✐st ❛❧s♦ ❣❧❡✐❝❤ ❞❡r i✲t❡♥ ❩❡✐❧❡ ✈♦♥ A✳

❙❛t③ ✶✳✷✳✽✿

❋ür ❥❡❞❡ ▼❛tr✐① A ∈ M(n× n,R);A = (aij) ❣✐❧t✿

det(A) = det(A⊤)

❉❛♠✐t ❣❡❧t❡♥ ❛❧❧❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ❉❡t❡r♠✐♥❛♥t❡ ❢ür ❙♣❛❧t❡♥ ✉♥❞ ❩❡✐❧❡♥
❣❧❡✐❝❤❡r♠❛ÿ❡♥✳

❊✐♥❡ ♠ö❣❧✐❝❤❡ ❇❡r❡❝❤♥✉♥❣sstr❛t❡❣✐❡ ❢ür ❞✐❡ ❉❡t❡r♠✐♥❛♥t❡♥ ✈♦♥ ▼❛tr✐③❡♥ ❜❡✲
st❡❤t ❞❛r✐♥✱ ❞❛ss ♠❛♥ ✉♥t❡r ❇❡❛❝❤t✉♥❣ ❞❡r ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ❉❡t❡r♠✐♥❛♥t❡
❞✐❡ ③✉❣r✉♥❞❡ ❧✐❡❣❡♥❞❡ ▼❛tr✐① ✐♥ ♦❜❡r❡ ❉r❡✐❡❝❦s❣❡st❛❧t ü❜❡r❢ü❤rt ✉♥❞ ❞❛♥♥
♠✐t ❙❛t③ ✶✳✷✳✹ ❛r❣✉♠❡♥t✐❡rt✳
❆❧❧❡r❞✐♥❣s ❣✐❜t ❡s ❛✉❝❤ ❞✐r❡❦t❡ ▼❡t❤♦❞❡♥✱ ❞✐❡ t❡✐❧s s❝❤♥❡❧❧❡r ③✉♠ ❩✐❡❧ ❢ü❤r❡♥✳

❇❡✐s♣✐❡❧ ✶✳✷✳✾✿

❉✐❡ ❉❡t❡r♠✐♥❛♥t❡ ❡✐♥❡r r❡❡❧❧❡♥ 2× 2✲▼❛tr✐① ❜❡r❡❝❤♥❡t s✐❝❤ ❞✐r❡❦t ❛❧s✿

det

(
a11 a12
a21 a22

)
= a11a22 − a12a21

✶✵



❇❡✐s♣✐❡❧ ✶✳✷✳✶✵✿

❉✐❡ ❉❡t❡r♠✐♥❛♥t❡ ❡✐♥❡r r❡❡❧❧❡♥ 3× 3✲▼❛tr✐① ❜❡r❡❝❤♥❡t s✐❝❤ ❞✐r❡❦t ❛❧s✿

det



a11 a12 a13
a21 a22 a23
a31 a32 a33


 = a11a22a33+a12a23a31+a13a21a32−a31a22a13−a32a23a11−a33a21a12

✭❉✐❡s ✐st ❞✐❡ ❜❡❦❛♥♥t❡ ❘❡❣❡❧ ✈♦♥ ❙❛rr✉s✳✮

❋ür ▼❛tr✐③❡♥ A ∈ M(n×n,R) ♠✐t n ≥ 4 ❣✐❜t ❡s ❞✐❡ ▼ö❣❧✐❝❤❦❡✐t✱ ❞✐❡ ❉❡t❡r✲
♠✐♥❛♥t❡ ❞✉r❝❤ ❊♥t✇✐❝❦❧✉♥❣ ♥❛❝❤ ❩❡✐❧❡ ♦❞❡r ❙♣❛❧t❡ ③✉ ❜❡r❡❝❤♥❡♥✳ ✭s♦❣❡♥❛♥♥t❡
❊♥t✇✐❝❦❧✉♥❣ ♥❛❝❤ ▲❛♣❧❛❝❡✮

❙❛t③ ✶✳✷✳✶✶✿

❙❡✐ A ∈ M(n× n,R) ♠✐t n ≥ 4 ✉♥❞ i ∈ {1; . . . ;n} ❢❡st✳ ❉❛♥♥ ❣✐❧t✿

det(A) =
n∑

j=1

(−1)i+jaij det(Aij)

❉❛❜❡✐ ✐st Aij ❞✐❡❥❡♥✐❣❡ (n − 1) × (n − 1)✲▼❛tr✐①✱ ❞✐❡ ❛✉s A ❞✉r❝❤ ❙tr❡✐❝❤❡♥
❞❡r i✲t❡♥ ❩❡✐❧❡ ✉♥❞ j✲t❡♥ ❙♣❛❧t❡ ❤❡r✈♦r❣❡❤t✳
❉✐❡s❡ ❘❡❝❤❡♥r❡❣❡❧ ✐st ❞✐❡ ❊♥t✇✐❝❦❧✉♥❣ ❞❡r ❉❡t❡r♠✐♥❛♥t❡ ✈♦♥ A ♥❛❝❤ ❞❡r i✲t❡♥
❩❡✐❧❡✳
❊❜❡♥s♦ ❣✐❧t ❢ür ❢❡st❡s j ∈ {1; . . . ;n}✿

det(A) =
n∑

i=1

(−1)i+jaij det(Aij)

❉✐❡s❡ ❘❡❝❤❡♥r❡❣❡❧ ✐st ❞✐❡ ❊♥t✇✐❝❦❧✉♥❣ ❞❡r ❉❡t❡r♠✐♥❛♥t❡ ✈♦♥ A ♥❛❝❤ ❞❡r j✲t❡♥
❙♣❛❧t❡✳

❉✉r❝❤ ✐t❡r✐❡rt❡ ❆♥✇❡♥❞✉♥❣ ❞❡r ❊♥t✇✐❝❦❧✉♥❣sr❡❣❡❧ ❦❛♥♥ ❞✐❡ ❉❡t❡r♠✐♥❛♥t❡ ❜❡✲
❧✐❡❜✐❣ ❣r♦ÿ❡r ▼❛tr✐③❡♥ ❜❡r❡❝❤♥❡t ✇❡r❞❡♥✳
❖❢t ❦♦♠❜✐♥✐❡rt ♠❛♥ ❜❡✐❞❡ ▼❡t❤♦❞❡♥✱ ✉♠ ③✉♥ä❝❤st ❡✐♥❡ ▼❛tr✐① ♠✐t ❤✐♥r❡✐✲
❝❤❡♥❞ ✈✐❡❧❡♥ ◆✉❧❧✲❊✐♥trä❣❡♥ ③✉ ❡r③❡✉❣❡♥✱ s♦ ❞❛ss ❞✐❡ ❛♥s❝❤❧✐❡ÿ❡♥❞❡ ❊♥t✇✐❝❦✲
❧✉♥❣ ♥❛❝❤ ❩❡✐❧❡ ❜③✇✳ ❙♣❛❧t❡ ♥✐❝❤t ③✉✈✐❡❧ ❘❡❝❤❡♥❛r❜❡✐t ❡r③❡✉❣t✳

❲✐r ❜❡tr❛❝❤t❡♥ ❡✐♥ ❇❡✐s♣✐❡❧✿

✶✶



❇❡✐s♣✐❡❧ ✶✳✷✳✶✷✿

det




a b b b

b a b b

b b a b

b b b a




(1)
=

det




a b b b

b− a a− b 0 0
0 b− a a− b 0
0 0 b− a a− b




(2)
=

(−1)1+1a · det



a− b 0 0
b− a a− b 0
0 b− a a− b


+ (−1)2+1(b− a) · det




b b b

b− a a− b 0
0 b− a a− b


 (3)

=

a(a− b)3 − (b− a)b(a− b)2 det




1 1 1
−1 1 0
0 −1 1


 (4)

=

a(a− b)3 + b(a− b)3(1 + 0 + 1− 0− 0− (−1)) =

(a− b)3(a+ 3b)

(1) Z1 → Z1; (Z2 − Z1) → Z2; (Z3 − Z2) → Z3; (Z4 − Z3) → Z4

(2) ❊♥t✇✐❝❦❧✉♥❣ ♥❛❝❤ ❞❡r ❡rst❡♥ ❙♣❛❧t❡
(3) ✶✳ ▼❛tr✐① ✐st ✉♥t❡r❡ ❉r❡✐❡❝❦s♠❛tr✐①❀ ❍♦♠♦❣❡♥✐tät ❞❡r ✷✳ ❉❡t❡r♠✐♥❛♥t❡ ✐♥ ❥❡❞❡r ❩❡✐❧❡
(4) ❘❡❣❡❧ ✈♦♥ ❙❛rr✉s

✶✷


