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Steiner Tree Problem

Given: Graph G = (V, E), terminals K C V, number ¢

Question: Does there exist a subtree (V', E’) of G such that
e K CV'and
o [F'|<¢?

|E-Formulation?



Branching Walks

Def. A branching walk in G is a tuple (T, ) where:
e T'= (V' ,E') is an ordered rooted tree, and
e v: V' — V is a homomorphism from T to G.
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Branching Walks

Def. A branching walk in G is a tuple (T, ) where:
e T'= (V' ,E') is an ordered rooted tree, and
e v: V' — V is a homomorphism from T to G.

Def. v(A, B):=result of making root(A) first child of root(B)
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Tree Counting

Def. 7,, := set of different ordered rooted trees with n edges.

Obs.VI'c T,:3li,5eN, T, €7;, T; €T,
such that 7' = ~(1;,1;) ... 1+ 5 =7

Bijective mapping:

T. & U (TxT)

itj=n—1
Theorem.

n—1
Tl = 1Tl | Tae1—d]

i=0 Recall:
To| = ? Catalan numbers

mn

Co=1,C, = Z?’:_Ol CiCrn_1—; ~

4
n3/2



Counting Branching Walks

\%] works for counting rooted ordered trees. .. still need .

Def. Br(x,c) := all branching walks of type (T, ¢)
e contained in G[V \ F]
e startingatz € V \ F
e with < ¢ edges

Let bp(x,c) ;.= |Br(z,c)|.

Thm. For FC K andx eV \ F:
1 if ¢ =0,
bF(SE’ C) — Z Z bF(ta C1) ) bF(x7 C2)

teEN(x)\F c1+ca<c-1 otherwise.

Runtime: O(n°-n’) = O(n°)
O(nc-nc?) = O(n?c3)



Steiner Tree: Summary

Given: Graph G = (V, E), terminals K C V, number ¢

Question: Does there exist a subtree (V', E’) of G such that

e K CV'and
o (K| <¢?
J®
|IE-Formulation: AN

e
U = {branching walks with root (sg.and weight < c in G}
P={P, |ve K\{so}

where P, = "branching walk contains v"

Runtime: O(2" - poly(n)) unweighted Recall: V(P) =
| > (-)FIN@,F, P\ F)

FCP g
B 5F(307C)




Degree-Constrained Spanning Tree

Given: Graph G = (V, E), number 1 < c<n

Question: d spanning tree of G of maximum degree < ¢?

|E-Formulation:

U = {branching walks of length n — 1 and of degree < c in G}
P=A{P, |vevV,

where P, = "branching walk contains v"

Easier Problem:

Runtime: O*(2™)



Maximum Internal Spanning Tree

Given: Graph G = (V, E), number 1 < c<n

Question: d spanning tree of G with > c internal vertices?

|E-Formulation:

U = {branching walks of length n — 1 with > c internal vtc.}
P=A{P, |veV,

where P, = "branching walk contains v"

Easier Problem:

Runtime: O*(2™)



Partitioning Numbers

PARTITION

Given: Set S of integers.

Question: 3 partition of S into two sets with the same sum?

SUBSETSUM

Given: Set S of integers and an integer t.

Question: 3 subset of S that sums to ¢?

3-PARTITION

Given: Set S of integers

Question: d partition of .S into 3-tuples with the same sum?
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Subset Sum — A Question

Thm. SUBSETSUM is weakly NP-hard.

Obs. Standard DP needs O*(n - t) time and space
Question: What is possible without depending on ) .S7

Obs. For S partitioned into S; U S5, note:

S has a subset of sum ¢

)

dt1,t> such that t1 + t, =t and 51 has a subset of sum ¢;
and S> has a subset of sum ¢,
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Subset Sum — A Solution

S - {. ° L] ’ L] L] L] 7 L] L] L] ’ L] L] L] ’ L] L[] L] , L[] L] L ] ’ L] o L] , ° L] L] , L] L] L] , L] o L] , o L] .}

sum tl sum tz

Def. For S partitioned into S7 U .S5:
>, = all possible subset sums of S;
>, = all possible subset sums of .S,

Algo: Compute > ; and > .

sort » ; and ), Binary seach for each ;!
Test: dt; € Zl' ty € 22 with t1 +t, =t

Runtime: O(v/2' - log,(v2)) CO(V2" -n) CO*(v2")

Can we get rid of this factor?
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