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1D Range Searching
Task: Preprocess a finite set P ⊂ R such that for any

interval [x, x′] the set P ∩ [x, x′] can be reported
quickly. [2 min]
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O(k + n1−1/d)
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√

n) regions of the kd-tree
intersect a vertical/horizontal line.
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Extensions to 2D

• one tree;
query path alternates between x- and y-coord.

• first-level tree for x-coordinates;
many second-level trees for y-coord.

Task: Preprocess a finite set P ⊂ R2 such that for any
range query R = [x, x′]× [y, y′] the set P ∩ R can
be reported quickly.

Solutions:

kd-tree

range tree

}
}

Assume: General position!
Here: no two points have the same x- or y-coordinate.
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Range Trees: Query Algorithm
1. Search in main tree for x-coordinate

v

︸ ︷︷ ︸
P(v) = canonical subset of Tv

︸ ︷︷ ︸
P(v)

2. For each node u
on the path from vsplit to µ:

For the right child v of u:

u

3. Symmetrically for the
path from vsplit to µ′.

Tv

Search in auxiliary tree Tv
for points with
y-coordinate ∈ [y, y′]
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return v
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Comparison

kd-tree range tree
construction time O(n log n) O(n log n)
storage O(n) O(n log n)
query time O(k +

√
n) O(k + log2 n)

Note: trade-off between space and query time
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p = (x, y) p̂ =
(
(x|y), (y|x)

)
unique coordin.

range R = [x, x′]× [y, y′]

R̂ = [(x| −∞), (x′|+ ∞)]× [(y| −∞), (y′|+ ∞)]

p ∈ R ⇔ p̂ ∈ R̂Show:

This removes our assumption about the input points being
in general position.
We can use kd-trees and range trees for any set of points;
no matter how many points have the same x- or y-coord.
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6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 16

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 17

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 18

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 19

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 20

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 21

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 22

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 23

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 24

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 25

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 26

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 27

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 28

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 29

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 30

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 31

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 32

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 33

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

17



18 - 34

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

→ (21, 49), (33, 30), (52, 23)

17



18 - 35

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

→ (21, 49), (33, 30), (52, 23)

Theorem: Let d ≥ 2 and let P be a set of n pts in Rd.
Given O(n logd−1 n) preprocessing time &
storage, d-dim range queries on P can be
answered in O(k + logd−1 n) time.

17



18 - 36

Layered Range Trees

2

5 7 8 12 15

17

21 33 41 52

58

672 93

67584121127

5

8

15

52

33

3 99

10 19 37 80

30 49

80 3 99 3049

99

6210 37

10 3719

8019

996237103 80 30 49 59 70 89 95

3 95 59 70 89

23 95 59 70 89

95 23 89 70

3 10 23 30 37 49 59 62 70 80 89 95 99

x y

[16, 53]× [18, 60]

19

19

62

23

23 30 49

→ (21, 49), (33, 30), (52, 23)

Theorem: Let d ≥ 2 and let P be a set of n pts in Rd.
Given O(n logd−1 n) preprocessing time &
storage, d-dim range queries on P can be
answered in O(k + logd−1 n) time.

17
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