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Definition.
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| et I1 be an optimization problem,

et A be a polynomial-time algorithm for I1,

et I be an instance of I1, and

et ALG(I) be the value of the objective function of
the solution that A computes given 1.

Then A is called an approximation algorithm with
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IOPT(I) — ALG(I)| < 6

for every instance I of I1.

B Most problems that we know do not admit an
approximation algorithm with additive guarantee.
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Minimum Vertex Coloring

Input. A graph G. Let A(G) be the maximum degree of G.

Output. A minimum vertex coloring, that is, an assignment of the
vertices of G to colors such that (i) no two adjacent vertices
get the same color and (ii) the number of colors is minimum.

B Minimum Vertex Coloring is NP-hard.
B Even Vertex 3-Coloring is NP-complete.

0
GreedyVertexColoring(graph G, not edgeless) 2
Color vertices in some order with the lowest feasible color. I
Theorem 1. 3 6 2
GreedyVertexColoring(G) computes a vertex coloring
with at most A(G) + 1 colors in O(V(G) + E(G)) time. We can even get A(G) —2

: . : _ if we return a 2-coloring
Thus, it has an additive approximation gurantee of A(G) — 1.  whenever G is bipartite.
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Minimum Edge Coloring

Input. A graph G. Let A(G) be the maximum degree of G.

Output. A minimum edge coloring, that is, an assignment of
colors to the edges of G such that no two adjacent edges
get the same color and the number of colors is minimum.

B Minimum Edge Coloring is NP-hard.
B Even Edge 3-Coloring is NP-complete.

B The minimum number of colors needed for an edge coloring of G
is called the chromatic index x'(G).

B X' (G) is lowerbounded by A(G).
B We show that x'(G) < A(G) + 1.
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Minimum Edge Coloring — Algorithm

VizingEdgeColoring(graph G, coloring ¢ = 0)

if E(G) # @ then
Let e = uv be an arbitrary edge of G.
G, +— G—e
VizingEdgeColoring(Ge,,c)
if A(Ge) < A(G) then

L Color e with lowest free color.

else
Recolor G, as in Lemma 2.
Color e with color now missing at u# and v.
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VizingEdgeColoring(graph G, coloring ¢ = 0)

if £(G) # © then Theorem 4.
Let e = uv be an arbitrary edge of G. VIZINGEDGECOLORING is an
G.e % G—e | approximation algorithm with
}IlZlngEdgeColorlng(Ge, c) additive approximation guarantee
if A(Ge) < A(G) then ALG(G) — OPT(G) < 1.

L Color e with lowest free color.

else
Recolor G, as in Lemma 2.
Color e with color now missing at u# and v.
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Input.  Complete graph G and a distance function
d: E(G) = R>q that satisfies the triangle inequality, U v
e, Vu,0,w € V(G): d(u,w) < d(u,v) +d(v, w). .ﬂ
w
Output. A shortest Hamiltonian cycle in G.
Algorithm.
B Compute MST. Theorem 5.

The MST edge doubling algorithm

® Double e.dges. Is a 2-approximation algorithm for
= Eulerian cycle metric TSP.

B Walk along Eulerian cycle, Proof.

B skipping visited vertices ALG < d(cycle) =2d(MST) < 20PT.
B and adding shortcuts.



Nearest Addition Algorithm for Metric TSP

NearestAdditionAlgorithm(G = (V,E), d)

Find closest pair, say i and k. o

Set tour T to go from i to k to i (clockwise).
while T C V do

Find pair (i,j) € T x (V \ T) minimizing d(i,j).
Let k be vertex afteriin T.
 Add j between i and k.
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Nearest Addition Algorithm for Metric TSP

NearestAdditionAlgorithm(G = (V,E), d)

Find closest pair, say i and k.
Set tour T to go from i to k to i (clockwise).

while T C V do k
Find pair (i,j) € T x (V \ T) minimizing d(i, j). . |
Let k be vertex afteriin T. ! ]

 Add j between i and k.

Theorem 6. Proof.
NearestAdditionAlgorithm is a

: : : : [ Ise.
2-approximation algorithm for metric TSP. Exercise

B Hint:
Consider the algorithm of Jarnik—Prim.
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B In some cases, we can get arbitrarily good approximations.

Definition.
Let IT be a minimization problem. An algorithm A is called

a polynomial-time approximation scheme (PTAS) if A
computes, for every input (I, ) (consisting of an instance [
of I'T and a real € > 0), a value ALG(I) such that:

B ALG(I) < (1+¢)-OPT(I), and
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Output. Assignment of jobs to machines such that the time when all
jobs have been processed is minimum.
This is called the makespan of the assignment.

B Multiprocessor scheduling is NP-hard.
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Theorem 8. Ao(J1,..., Jn, m)
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Theorem 8. Ao(J1,..., Jn, m)
For cons;cant 1 < ¢ <mn, the algorithm A, is a Sort jobs in descending order of runtime.
1+ ——m __approximation algorithm. Schedule the ¢ longest jobs 1, ..., J, optimally.
1+ ] Use LISTSCHEDULING for the remaining jobs Jy.1. ..., Ju.
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Proof. Let J, = (Si, T) be the last job, that is, T determines the makespan.

Case 1. [ is one of the longest £ jobs [1,...,Js.

B Solution is optimal for J1,..., [
B Hence, solution is optimal for [1,..., Jx
Case 2. Ji is not one of the longest ¢ jobs [1,..., ]y

B Similar analysis to LISTSCHEDULING

B Use that there are ¢ + 1 jobs that are at least as
long as [ (including Ji).
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Theorem 8.
For constant 1 < ¢ < n, the algorithm A, is a

1
14+ 2

m
I

1+ | 7 |

Proof of Case 2.

-approximation algorithm.

B S < %Zi;ﬁk Pi B TopT 2> % lei

B Topt = px

Af(]l vvvvv ]1’17 m)

Sort jobs in descending order of runtime.
Schedule the ¢ longest jobs J1,..., J; optimally.
Use LISTSCHEDULING for the remaining jobs Jy.q

Ty = Sk + px
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Sort jobs in descending order of runtime.

Schedule the ¢ longest jobs [, ..
Use LISTSCHEDULING for the remaining jobs [y, 1, ...,
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Theorem 8. Ao(J1, ..., Jn, m)
For cons;cant 1 < ¢ <mn, the algorithm A, is a Sort jobs in descending order of runtime.
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Proof of Case 2. ;

1
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B Only “easy” NP-hard problems admit FPTAS (PTAS).

B Some problems cannot be approximated very well (e.g., Maximum Clique).

B Study of approximability of NP-hard problems yields more fine-grained classifications.
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Discussion

Only “easy” NP-hard problems admit FPTAS (PTAS).

Some problems cannot be approximated very well (e.g., Maximum Clique).
Study of approximability of NP-hard problems yields more fine-grained classifications.
Approximation algorithms exist also for non-NP-hard problems.

Approximation algorithms can be of various types:
greedy, local search, geometric, DP, ...

One important technique is LP-relaxation (more later in this lecture).

Minimum Vertex Coloring on planar graphs can be approximated with an additive
approximation guarantee of 2.

Christofides’ approximation algorithm for Metric TSP has approximation factor 1.5.

There is a whole lecture on approximation algorithms in the winter term!
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| iterature

Main references R

Marian Margraf

B [Jansen & Margraf, 2008: Chapter 3]
“Approximative Algorithmen und
Nichtapproximierbarkeit”

B [Williamson & Shmoys, 2011: Chapter 3]
“The Design of Approximation Algorithms”

The DESIGN of
APPROXIMATION
ALGORITHMS

Another book recommendation:

B [Vazirani, 2013] “Approximation Algorithms”

Approximation
Algorithms
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