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Approximation Algorithms

,All exact science I1s dominated by the

idea of approximation.”

Bertrand Russell
(1872-1970)




Approximation Algorithms

B Many optimization problems are NP-hard!
(For example, the traveling salesperson problem.)



Approximation Algorithms

B Many optimization problems are NP-hard!
(For example, the traveling salesperson problem.)

B ~> an optimal solution cannot be efficiently computed
unless P=NP.



Approximation Algorithms

B Many optimization problems are NP-hard!
(For example, the traveling salesperson problem.)

B ~> an optimal solution cannot be efficiently computed
unless P=NP.

B However, good approximate solutions can often be found
efficiently!



Approximation Algorithms

Many optimization problems are NP-hard!
(For example, the traveling salesperson problem.)

~+ an optimal solution cannot be efficiently computed
unless P=NP.

However, good approximate solutions can often be found
efficiently!

Techniques for the design and analysis of approximation
algorithms arise from studying specific optimization
problems.
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and local search

m Knapsack via DP and Scaling
B Euclidean TSP via Quadtrees

L P-based algorithms

B Introduction to LP-Duality

m Set Cover via LP Rounding

B Set Cover via Primal-Dual
Schema

B Maximum Satisfiability

B Scheduling und Extreme Point
Solutions

B Steiner Forest via Primal-Dual
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VERTEXCOVER (card.)
Input:  graph G

Output: a minimum vertex cover, that is,
a minimum-cardinality vertex set V' C V(G) s.t.

every edge is covered (i.e., for every uv € E(G), it
holds that u € V' or v € V’).

“good” (5/4-) approximate solution
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NP-Optimization Problem

An NP-optimization problem /1 is given by:
B A set D of instances.
We denote the size of an instance | € Dy by |/].
B For each instance [ € Dy,
a set Sp(/) # () of feasible solutions for / such that:
m for each solution s € 5q(/),
its size |s| is polynomially bounded in |/|, and
m there is a polynomial-time algorithm that decides,
for each pair (s, /), whether s € Sq(/).

B A polynomial time computable
which assigns a positive objective value
any given pair (s, /) with s € S5(/).

M /] is either a minimization or maximization problem.
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Let /7 be a minimization problem and / € Dp an instance of /1.

A feasible solution s* € S(/) is optimal if
Is minimum among the objective values

attained by the feasible solutions of /.

The optimal value of the objective function is
denoted by OPT (/) or simply by OPT in context.
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Approximation Alg. for VERTEXCOV:

|deas?

B Edge-Greedy
B Vertex-Greedy

K

Quality?
Problem: How can we estimate /OPT —
iIf it is hard to compute OPT7?
Idea: Find a “good” lower bound L < OPT for OPT

and compare it to our approximate solution.

<
OPT — L
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Approximability of VERTEX COVER

The best known approximation factor for VERTEXCOVER is

2 — 6(1/+/log n).

If P £ NP, VERTEXCOVER cannot be approximated within a
factor of 1.3606.

VERTEXCOVER cannot be approximated within a factor of
2 — O(1) — if the Unique Games Conjecture holds.
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minimize > gy Xv
subject to x, + x, > 1 for each uv € E(G)

x, >0 x.e40;1F foreach v e V(G)

Problem: It's NP-hard to solve ILPs in general.
But: LPs can be solved efficiently

Problem’: Now we can get fractional solutions, i.e., x, € (0, 1).
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where n is the number of variables.

number of “relevant” constraints.

An extreme point of the polytope is a point

that 1s extreme in some direction.

Most LP solvers return extreme-point

solutions.

The number of facets corresponds to the

The solution space of an LP is a convex polytope in R”,
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Extreme Points

Claim: x™ is feasible.
Need to show: For every edge uv, we have x + x/ > 1.

Assume x < 0.5 = x > 05 = x + x —XU—I—XV>1\/

Symmetrically: x™ is feasible.

- _extreme poin®
We have shown:

If a solution is not half-integral, it cannot be extreme.

In other words:
All extreme-point solutions are half-integral.
For VC, standard LP solvers return half-integral solutions. :-)
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