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What is a Schematic Metro Map?
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B map/diagram that shows stations connected by metro lines

on topology rather than geography

B focus
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B map/diagram that shows stations connected by metro lines

B focus on topology rather than geography
B goal: easy-to-use visual navigation aid for passengers
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B map/diagram that shows stations connected by metro lines

B focus on topology rather than geography
B goal: easy-to-use visual navigation aid for passengers
m “"How do | quickly get from A to B?"
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B map/diagram that shows stations connected by metro lines

B focus on topology rather than geography

B goal: easy-to-use visual navigation aid for passengers

m “"How do | quickly get from A to B?"
B “"Where do | need to change trains?”
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B map/diagram that shows stations connected by metro lines

B focus on topology rather than geography
B goal: easy-to-use visual navigation aid for passengers
m “"How do | quickly get from A to B?"

B “"Where do | need to change trains?”

B distorts scale and geometry
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B map/diagram that shows stations connected by metro lines

B focus on topology rather than geography

B goal: easy-to-use visual navigation aid for passengers
B “How do I quickly get from A to B?"

B “"Where do | need to change trains?”
B distorts scale and geometry

B metro map design still a largely manual process
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map/diagram that shows stations connected by metro lines

focus on topology rather than geography
goal: easy-to-use visual navigation aid for passengers
m “"How do | quickly get from A to B?"

B “"Where do | need to change trains?”
distorts scale and geometry
metro map design still a largely manual process

optimizing network layout computationally challenging
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B set L of metro lines serving GG
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Output: ® optimal metro map layout (whatever it means)
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optimal metro map layout (whatever it means)

Divide the task into several subtasks:
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Input:  m® geographically embedded railway network G

B set L of metro lines serving GG
Output: ® optimal metro map layout (whatever it means)

Divide the task into several subtasks:
B rendering and design choices
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B geographically embedded railway network G

B set L of metro lines serving GG

Output: ® optimal metro map layout (whatever it means)

Divide the task into several subtasks:
B rendering and design choices

B network layout
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Input:  m® geographically embedded railway network G

B set £ of metro lines serving G
Output: ® optimal metro map layout (whatever it means)

Divide the task into several subtasks:
B rendering and design choices

B network layout

B station labeling
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Output: ® optimal metro map layout (whatever it means)

Divide the task into several subtasks:

B rendering and design choices
B network layout
B station labeling

B metro line routing
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Input:  m® geographically embedded railway network G

B set L of metro lines serving GG
Output: ® optimal metro map layout (whatever it means)

Divide the task into several subtasks:
B rendering and design choices colors

B network layout " I
B station labeling

B metro line routing
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Input:  m® geographically embedded railway network G

B set L of metro lines serving GG
Output: ® optimal metro map layout (whatever it means)

Divide the task into several subtasks:

rendering and design choices colors fonts
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network layout PADDINGTON
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station labeling

metro line routing
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Input:  m® geographically embedded railway network G

B set L of metro lines serving GG
Output: ® optimal metro map layout (whatever it means)

Divide the task into several subtasks:

rendering and design choices colors  fonts  symbols
k | I Paddington —I—I+
P
networ ayou t ! ;xd]?iDig\ggr(l)N . :

station labeling

metro line routing
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Subtasks in Metro Map Layout

I8N, CLAPHAM JUNCTION , STEWARTS LANE
%5 LAVENDER HILL, & LONGHEDGE
s BarrERsEa

Input:  m® geographically embedded railway network G

B set L of metro lines serving GG
Output: ® optimal metro map layout (whatever it means)

Divide the task into several subtasks:

B rendering and design choices colors  fonts  symbols
Paddington —I-|+
B network layout " I Paddingion ——el}
B station labeling — very salient,
B metro line routing but not a computational problem

-11



Subtasks in Metro Map Layout

B
I8N, CLAPHAM JUNCTION , STEWARTS LANE
25 LAVENDER HILL, & LONGHEDGE —

Input:  m® geographically embedded railway network G

B set L of metro lines serving GG
Output: ® optimal metro map layout (whatever it means)

Divide the task into several subtasks:
rendering and design choices

network layout —

station labeling
determine geometry of network layout

metro line routing



Subtasks in Metro Map Layout

I8N, CLAPHAM JUNCTION , STEWARTS LANE
%5 LAVENDER HILL, & LONGHEDGE
s BarrERsEa

Input:  m® geographically embedded railway network G

B set L of metro lines serving GG
Output: ® optimal metro map layout (whatever it means)

Divide the task into several subtasks:
rendering and design choices

network layout

station labeling
determine positions of station names

metro line routing



Subtasks in Metro Map Layout

I8N, CLAPHAM JUNCTION , STEWARTS LANE
%5 LAVENDER HILL, & LONGHEDGE
s BarrERsEa

Input:  m® geographically embedded railway network G

B set L of metro lines serving GG
Output: ® optimal metro map layout (whatever it means)

Divide the task into several subtasks: Y
= PSS

—

rendering and design choices

network layout =

station labeling
determine line routing and ordering of bundles

metro line routing



Subtasks in Metro Map Layout

Bakerloo
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Northern

Plccadilly

Waterloo & City

Input:

Paddington=&=

o

Motting = Lancas ter  Bond
Hill Gate Gate Street

reat
Portland  Euston({s
eer  Jtreet

=

Road

Bayswater

Edgware G
Road Marylebone 3=
Baker
Str
3 Edg8w /arren Stree
egent’s Pa

iiiii

=

¥ r
Queenswsy  Marble

High Street
nsington

Hyde Park Corner,
Knightsbridge

mmmmmmmmmm

B set L of metro lines serving GG
Output: ® optimal metro map layout (whatever it means)

Divide the task into several subtasks:
B rendering and design choices

B station labeling

B metro line routing

network layout

focus today

B geographically embedded railway networ




Formalizing the Network Layout Problem

Given ® graph G = (V, E) geometrically embedded in R?
B vertex set V' (stations)
B edge set E (rail links)
B set of paths £ (metro lines in G)

Find a schematic layout of (G, £) that
B satisfies a set of layout constraints

B optimizes a set of quality criteria



Formalizing the Network Layout Problem

Given ® graph G = (V, E) geometrically embedded in R?
B vertex set V' (stations)
B edge set E (rail links)
B set of paths £ (metro lines in G)

Find a schematic layout of (G, L) that
B satisfies a set of layout constraints

B optimizes a set of quality criteria
But what are the constraints and quality criteria?

— extract common principles of existing,
manually designed metro maps




Design Rules

(R1) Do not change the network topology.

B nO new Crossings

B no changes in circular vertex orders

\J




Design Rules

(R1) Do not change the network topology.

(R2) Restrict edge orientations.

B mostly octilinear (octolinear) orientation systems

B curvilinear and other alternative orientation systems also exist

‘The Vienna U-8ahn in Lombaordi style, 16/04/13 Leopoldau @
Designed by Maxwell 1. Roberts
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Design Rules

(R1) Do not change the network topology.
(R2) Restrict edge orientations.

(R3) Draw metro lines as simple and monotone as possible.

B avoid bends
B prefer obtuse bend angles
B for curves: prefer uniform curvature, few inflection points

Westbourne Park Ladbroke Grove

. Bayswater
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East Shepherd’s Notting A I | =

Acton Bush Hill Gate — Tl
Fhaphard's Bush
Actcon ' ® ® | e | b [EEe L _
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Goldhawk Road Shepherd’s Kensington Kensington S — . | =

Bush = T==(Olympia) g k -
S C ° o< e
...... i 5 1 "Liv'; ® o
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Design Rules

(R1) Do not change the network topology.
(R2) Restrict edge orientations.
(R3) Draw metro lines as simple and monotone as possible.

(R4) Let lines pass straight through interchanges.

B avoids visual ambiguities in complex stations

F



Design Rules

(R1) Do not change the network topology.
(R2) Restrict edge orientations.

(R3) Draw metro lines as simple and monotone as possible.
(R4) Let lines pass straight through interchanges.

(R5) Use large angular resolution in stations.

B distributes edges evenly for balanced appearance

K



Design Rules

(R1)
(R2)
(R3)
(R4)
(R5)] vienna

(R6) Minimize geometric distortion and displacement.

B maintains resemblance to geography .
B preserves user's mental map topo%

B applicable locally or globally



Design Rules

(R1) Do not change the network topology.

(R2)
(R3)
(R4)
(RS)
(R6)

(R7) Use uniform edge lengths.

B geographic distances less important
B network hop-distances more important

B balanced appearance




Design Rules

(R1) Do not change the network topology.

(R2) Restrict edge orientations.

(R3)
o W X
(R5)
(R6)
(R7)

(R8) Keep unrelated features apart.

B guarantees minimum clearance between features

B avoids ambiguities



Design Rules

(R1) Do not change the network topology.

(R2) Restrict edge orientations.

(R3)
(R4)
(RS)
(R6)
(R7)
(R8)

(R9) Avoid large empty spaces.
B balances local feature density

B possibly fill gaps with legends




Design Rules

(R1) Do not change the network topology.

(R2) Restrict edge orientations.

(R3) Draw metro lines as simple and monotone as possible.
(R4) Let lines pass straight through interchanges.

(R5) Use large angular resolution in stations.

(R6) Minimize geometric distortion and displacement.
(R7) Use uniform edge lengths.

(R8) Keep unrelated features apart.

(R9) Avoid large empty spaces.



Design Rules

(R1) Do not change the network topology.

(R2) Restrict edge orientations.

(R3) Draw metro lines as simple and monotone as possible.
(R4) Let lines pass straight through interchanges.

(R5) Use large angular resolution in stations.

(R6) Minimize geometric distortion and displacement.
(R7) Use uniform edge lengths.

(R8) Keep unrelated features apart.

(R9) Avoid large empty spaces.

— rules are potentially conflicting and need priorities
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Theorem 1. [NGllenburg 2005]
For an embedded graph with vertex degrees at most 8,
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Reduction from Boolean satisfiability problem PLANAR-3SAT
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Complexity

Theorem 1.

[NGllenburg 2005]

For an embedded graph with vertex degrees at most 8,
bend minimization (R3) is NP-hard if preserving
topology (R1) and octilinearity (R2) are required.

Proof sketch.

Reduction from Boolean satisfiability problem PLANAR-3SAT
using rigid “mechanical” gadgets.

variable gadget (false)

clause gadget (false, false, false)

Remark.

B no efficient exact
algorithms to expect

B same problem without
diagonals (rectilinear)
s efficiently solvable
[Tamassia '87]
(— lecture 6)
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Path-based schematization — example

Theorem 2. [Dwyer, Hurst, Merrick 2008]
For a path P of length n and an orientation set C, a C-oriented
schematized path can heuristically be fitted to the vertices in O(|C|n)

time (or O(|C|nlogn)) using least-squares regression.

Sydney Sydney

< 10ms
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C-oriented Route Sketches

Theorem 3. [Delling, Gemsa, Nollenburg, Pajor 2010]
Given a monotone path P and a set C of admissible edge slopes,

we can compute, in O(n?)+solve(LP) time, a C-oriented
schematization of P that

W preserves the orthogonal order of P,

® has minimum slope deviation, relative north-south-east-west

B has minimum total length. relationships of all vertices
Proof. ® dynamic programming for slope assignment

B LP for length assignment
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C-oriented Route Sketches

Theorem 3.

Given a monotone path P and a set C of admissible edge slopes,
we can compute, in O(n?)+solve(LP) time, a C-oriented
schematization of P that

B preserves the orthogonal order of P,

® has minimum slope deviation, relative north-south-east-west

® has minimum total length. relationships of all vertices
Proof. ® dynamic programming for slope assignment
B LP for length assignment

Theorem 4.
The d-regular (non-monotone) route sketch problem is NP-hard for

any d > 1, where C ={i-90°/d | i € Z}.
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Example. Bremen to Cuxhaven

[Gemsa, Noéllenburg, Pajor, Rutter 2011]
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C-oriented Route Sketches

Example. Bremen to Cuxhaven

|[Gemsa, Nollenburg, Pajor, Rutter 2011]

input simplified optimized by MIP including length

order constraint

11 -
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Path-Based Schematization — Discussion

Pros.
B polynomial running times

B C-orientation and bounded displacement guaranteed
B bend minimization

B extends to metro networks:
B decompose metro network into paths

B schematize individual paths
B glue schematized paths together at interchanges

Cons.
B no guarantee on network topology (R1)

B distortion/displacement too limited for metro maps
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Idea. Apply well-known force-based graph drawing approach (— lecture 2)

e QWO
O Oooo
Q 0
0
oG — " 0 o 0
o
o
o o 0
o
o © o

Recall.
B vertices are charged particles repelling each other

B edges are springs pulling edges into target length
B iteratively calculate and apply forces until system stabilizes

— define additional forces to model
subset of metro map design rules

13 -



14 -1

Force-Based Schematization — Octilinear
[Hong, Merrick, do Nascimento 2006]

m Contract deg-2 vertices into weighted edges: (R3) (Draw metro lines simple and monotone.)



14 - 2

Force-Based Schematization — Octilinear
[Hong, Merrick, do Nascimento 2006]

m Contract deg-2 vertices into weighted edges: (R3) (Draw metro lines simple and monotone.)

B Define octilinear magnetic field attracting edges: (R2) (Restrict edge orientations.)



14 - 3

Force-Based Schematization — Octilinear
[Hong, Merrick, do Nascimento 2006]

m Contract deg-2 vertices into weighted edges: (R3) (Draw metro lines simple and monotone.)
B Define octilinear magnetic field attracting edges: (R2) (Restrict edge orientations.)
B Apply only topology-preserving vertex moves: (R1) (Do not change the network topology.)



14 - 4

Force-Based Schematization — Octilinear
[Hong, Merrick, do Nascimento 2006]

m Contract deg-2 vertices into weighted edges: (R3) (Draw metro lines simple and monotone.)
B Define octilinear magnetic field attracting edges: (R2) (Restrict edge orientations.)

B Apply only topology-preserving vertex moves: (R1) (Do not change the network topology.)
B Spring lengths model uniform edge lengths: (R7) (Use uniform edge lengths.)



14 -5

Force-Based Schematization — Octilinear
[Hong, Merrick, do Nascimento 2006]

m Contract deg-2 vertices into weighted edges: (R3) (Draw metro lines simple and monotone.)
B Define octilinear magnetic field attracting edges: (R2) (Restrict edge orientations.)

B Apply only topology-preserving vertex moves: (R1) (Do not change the network topology.)
B Spring lengths model uniform edge lengths: (R7) (Use uniform edge lengths.)

B Vertex repulsion models feature separation: (R8) (Keep unrelated features apart.)



14 -6

Force-Based Schematization — Octilinear
[Hong, Merrick, do Nascimento 2006]

m Contract deg-2 vertices into weighted edges: (R3) (Draw metro lines simple and monotone.)
Define octilinear magnetic field attracting edges: (R2) (Restrict edge orientations.)

Apply only topology-preserving vertex moves: (R1) (Do not change the network topology.)

]

]

B Spring lengths model uniform edge lengths: (R7) (Use uniform edge lengths.)

B Vertex repulsion models feature separation: (R8) (Keep unrelated features apart.)
]

station labels are placed in an independent second step.



14 -7
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[Hong, Merrick, do Nascimento 2006]
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Force-Based Schematization — Octilinear
[Hong, Merrick, do Nascimento 2006]

m Contract deg-2 vertices into weighted edges: (R3) (Draw metro lines simple and monotone.)
Define octilinear magnetic field attracting edges: (R2) (Restrict edge orientations.)

Apply only topology-preserving vertex moves: (R1) (Do not change the network topology.)

]

]

B Spring lengths model uniform edge lengths: (R7) (Use uniform edge lengths.)

B Vertex repulsion models feature separation: (R8) (Keep unrelated features apart.)
]

station labels are placed in an independent second step.

new 2-step
method:
faster and

. better quality

oooooooo

7.6s 0.6s i [Chivers & Rodgers 2014]
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Force-Based Schematization — Bézier
[Fink, Haverkort, Nollenburg, Roberts, Schuhmann, Wolff 2012]

convert (octilinear) input layout into Bézier curves
— vertices and control points, both subject to forces

metro line subcurves share tangents in common vertex
(R4) (Let lines pass straight through interchanges.)

(standard) attractive and repulsive forces
(R7)4+(R8) (Uniform edge lengths. + Keep unrelated features apart.)

(weak) force towards initial position (R6) (Minimize geometric distortion & displacement.)

forces improving curve shape (low curvature)
(R3) (Draw metro lines as simple and monotone as possible.)

merge curves whenever possible (R3)
forces improving angular resolution (R5) (Use large angular resolution in stations.)

apply topology-preserving moves only (R1) (Do not change the network topology.)
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Force-Based Schematization — Bézier
[Fink, Haverkort, Nollenburg, Roberts, Schuhmann, Wolff 2012]

B convert (octilinear) input layout into Bézier curves
— vertices and control points, both subject to forces

metro line subcurves share tangents in common vertex

(R4) (Let lines pass straight through interchanges.)

(standard) attractive and repulsive forces

(weak)

forces 1| .

merge (

forces |

apply tq

Sydney

(D711 DO\ [llaiform edge lengths. + Keep unrelated features apart.)
'R6) (Minimize geometric distortion & displacement.)

irvature)
raw metro lines as simple and monotone as possible.)

)

R5) (Use large angular resolution in stations.)

v (R1) (Do not change the network topology.)




Force-Based Schematization — Bézier
[Fink, Haverkort, Nollenburg, Roberts, Schuhmann, Wolff 2012]

convert (octilinear) input layout into Bézier curves
— vertices and control points, both subject to forces

metro line subcurves share tangents in common vertex

15-10
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Force-Based Schematization — Bézier
[Fink, Haverkort, Nollenburg, Roberts, Schuhmann, Wolff 2012]

Vienna:

Subway Network of Vienna — Drawn by a
Force-Directed Method Using Bézier Curves
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Octilinear.
guarantees topology (R1)

slower than path-based algorithms, but still fast enough

quite unbalanced edge lengths (R7)

[
]
B no strict enforcement of octilinearity (R2)
]
B bends in interchanges (R4)

]

no distortion restriction (R6)
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Force-Based Schematization — Discussion

Octilinear.
guarantees topology (R1)

slower than path-based algorithms, but still fast enough

no strict enforcement of octilinearity (R2)

quite unbalanced edge lengths (R7)

bends in interchanges (R4)
B no distortion restriction (R6)

Bézier.
B guarantees topology (R1)

B first curvilinear metro map algorithm

B takes almost all design rules into account
B sometimes small angles and distances (R5)-+(R8)

m works well on small and medium instances, but difficulties with more complex networks
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L ocal Schematization

ldea. O
[ ]

define a (multi-criteria) layout quality function

improve layout quality step-by-step by locally moving vertices
to better nearby (grid) positions

applicable optimization techniques: hill climbing, simulated
annealing, ant colony optimization, ...

[Avelar & Miiller 2000]

B calculate best vertex position in each criterion
(octilinearity (R2), min. separation (R8))

B move vertex to average of positions without violating topology (R1)
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Idea.  ® define a (multi-criteria) layout quality function
B improve layout quality step-by-step by locally moving vertices
to better nearby (grid) positions

B applicable optimization techniques: hill climbing, simulated
annealing, ant colony optimization, ...

[Avelar & Miiller 2000]

B calculate best vertex position in each criterion
(octilinearity (R2), min. separation (R8))

B move vertex to average of positions without violating topology (R1)
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B applicable optimization techniques: hill climbing, simulated
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[Ware, Taylor, Anand, Thomas 2006, Ware & Richards 2013]
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Idea.  ® define a (multi-criteria) layout quality function
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B applicable optimization techniques: hill climbing, simulateg

...................

annealing, ant colony optimization, ... Jrermeaas =

[Ware, Taylor, Anand, Thomas 2006, Ware & Richards 2013]
B weighted multicriteria function SA, cost 60, 150s - Sydney

B contract degree-2 vertices prior to optimization

B implemented more design rules (topology (R1), octilinearity (R2), | "
displacement (R6), edge lengths (R7), separation (R8))

B simulated annealing (2006) and ant colony optimization (2013)

...................

--------------

ACO, cost 29, 72s - Sydney
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Local Schematization
[Stott, Rodgers, Burkhard, Meier, Smis 2011]

Idea. B design rules as before



17 - 17

Local Schematization
[Stott, Rodgers, Burkhard, Meier, Smis 2011]

Idea. B design rules as before

B additionally include metro map specific criteria
(bend minimization (R3), interchange straightness (R4),
angular resolution (R5), relative positions (R6))



17 - 18

Local Schematization
[Stott, Rodgers, Burkhard, Meier, Smis 2011]

Idea. B design rules as before

B additionally include metro map specific criteria
(bend minimization (R3), interchange straightness (R4),
angular resolution (R5), relative positions (R6))

B integrate alternating label placement rounds



17 - 19

Local Schematization
[Stott, Rodgers, Burkhard, Meier, Smis 2011]

Idea. B design rules as before

B additionally include metro map specific criteria
(bend minimization (R3), interchange straightness (R4),
angular resolution (R5), relative positions (R6))

B integrate alternating label placement rounds

B some ad-hoc fixes for local minima situations



Local Schematization
[Stott, Rodgers, Burkhard, Meier, Smis 2011]

ldea.

design rules as before

additionally include metro map specific criteria
(bend minimization (R3), interchange straightness (R4),
angular resolution (R5), relative positions (R6))

integrate alternating label placement rounds

some ad-hoc fixes for local minima situations

2 hrs
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Local Schematization
[Stott, Rodgers, Burkhard, Meier, Smis 2011]

ldea.

design rules as before

additionally include metro map specific criteria

(bend minimization (R3), interchange straightness (R4),

angular resolution (R5), relative positions (R6))

integrate alternating label placement rounds

some ad-hoc fixes for local minima situations

2 hrs

105 min

Vienna
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Local Schematization — Discussion

Pros.

Cons.
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Local Schematization — Discussion

Pros.
B flexible framework, easy to integrate new criteria

B recent methods improved visual layout quality

B integration of layout and labeling

Cons.
B optimization of criteria, but no guarantees (except topology)

B susceptible to local minima

B long running times
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[NGllenburg & Wolff 2011]

B find exact optimum solution using combinatorial optimization
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Mixed-Integer Programming
[NGllenburg & Wolff 2011]

B find exact optimum solution using combinatorial optimization
B split design rules into hard and soft constraints

B model constraints as linear (in)equalities and linear objective function
— mixed-integer programming MIP

B integrate overlap-free station labeling in same model

B can use sophisticated optimization tools as black box solvers
(e.g., CPLEX, Gurobi)
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Hard Constraints

(R1) preserve embedding/topology and planarity
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Hard Constraints

(R1) preserve embedding/topology and planarity

(R2) draw all edges octilinearly
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Hard Constraints

(R1) preserve embedding/topology and planarity
(R2) draw all edges octilinearly

(R7) enforce minimum edge length /.,

High Barnet Cockfosters =
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Hard Constraints

(R1) preserve embedding/topology and planarity
(R2) draw all edges octilinearly
(R7) enforce minimum edge length /.,

(R8) enforce minimum feature separation dp;,

High Barnet Cockfosters =g=

Oakwood o
Totteridge & Whetstone

Southgate = Loughton

Mill Hill East Woodside Park

West Finchley Arnos Grove =

Finchley Central
Bounds Green 9

East Finchley Wood Green = Woodford
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Highgate Turnpike Lane o ;e: erns = Road =

South |
Tottenham  Walthamstow L
Hale== = Central L=
N
Snaresbrook = Redbridg
Wanstead

Leytonstone o

ac ackn d
Canonbury  Central Wick Leyton

hbui W& Dalston  Homerton
Kingsland

a s/’:*'ﬁ

A4

ZDN

20 -



Soft Constraints

(R3+R4) draw lines in £ with few bends
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Soft Constraints

(R3+R4) draw lines in £ with few bends

(R6) minimize geometric distortion
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Soft Constraints

(R3+R4) draw lines in £ with few bends

(R6) minimize geometric distortion

(R7) minimize total edge length
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Linear Programming

Linear Programming (LP) is an
efficient optimization method for
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Linear Programming

Linear Programming (LP) is an
efficient optimization method for

B linear constraints
B linear objective function

B real-valued variables

Example.
y <09z +15
y>14x —1.3

maximize x + 2y
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Linear Programming

Linear Programming (LP) is an
efficient optimization method for

B linear constraints

B linear objective function

B real-valued variables

Mixed Integer Programming (MIP)

B in addition binary and integer variables

B NP-hard optimization problem
B still method of choice for many practical optimization tasks
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Linear Programming

Linear Programming (LP) is an
efficient optimization method for

B linear constraints

B linear objective function

B real-valued variables

Mixed Integer Programming (MIP)

B in addition binary and integer variables

B NP-hard optimization problem
B still method of choice for many practical optimization tasks

Theorem 5.
Metro map layout can be modeled as MIP such that

B hard constraints — linear constraints

B soft constraints — linear objective function



Sectors and Coordinates

Sectors.

B for each vertex u partition the plane into eight
sectors numbered 0-7
here: sec(u,v) = 5 in the input
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Sectors and Coordinates

2 Sectors.

1‘0 B for each vertex u partition the plane into eight
U

6

Z 7‘ sectors numbered 0-7

here: sec(u,v) = 5 in the input

B number octilinear edge directions accordingly
here, e.g., dir(u,v) =5 in the solution (output)

Coordinates.

y ‘. B assign (redundant) z;- and zp-coordinates to each vertex v
m z1(v) = 5 (2(v) + y(v))
: B 2(v) =5 - (2(v) — y(v))



Octilinearity and Relative Positions

Goal.
Draw the edge uv

2

i
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i
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B with minimum length ¢ = ¢, (R7)

<
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Goal.
Draw the edge uv

2

pred

-4

rig

B octilinearly (R2)
B with minimum length ¢ = ¢, (R7)
B restricted to the three best directions (R6)

<
\

succ
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2

pred
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B octilinearly (R2)
B with minimum length ¢ = ¢, (R7)
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<
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Octilinearity and Relative Positions

2

pred

<
\

-4

rig

succ

Goal.
Draw the edge uwv

B octilinearly (R2)
B with minimum length ¢ = ¢, (R7)
B restricted to the three best directions (R6)

How to model this using linear constraints in a MIP?

Introduce binary variables

(pred (u, U) aorig(ua U) asucc(ua U)

to select exactly one of the three sectors.
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Octilinearity and Relative Positions

2

pred

<
\

-4

rig

succ

Goal.
Draw the edge uwv

B octilinearly (R2)
B with minimum length ¢ = ¢, (R7)
B restricted to the three best directions (R6)

How to model this using linear constraints in a MIP?

Introduce binary variables

(pred (ua U) =+ aorig(ua U) + asucc(ua U) =1

to select exactly one of the three sectors.

24 -



Octilinearity and Relative Positions

Predecessor sector.
y(u) —y(v)

““ 5 y(u) + y(v)
6' !

2

M(1 — apred(u, v))
M (1 — apred(u, v))
—M(1 — apred(u,v)) + ¢

VA TA

r(u) — x(v)
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Octilinearity and Relative Positions

ery large constant
Predecessor sector. / YT ArRE tonetar
y(u) o y(v) M(]- — (lpred (ua U))

pred lk _y(u) 1+ y(v) M(]. — Olpred (uv U))
6 .

2

VA TA

r(u) — x(v) —M(1 — apred(u,v)) + ¢

succ
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Octilinearity and Relative Positions

very large constant
Predecessor sector. /

2
A “0 y(u) —y(v) < M(1— apred(u,v))
= —y(u) +y(v) < M(1 - apred(u,v))
* z(u) —z(v) > —M(1— apred(u,v)) + ¢

succ

How does this work?
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Octilinearity and Relative Positions

very large constant
’ Predecessor sector. / e
<

A y(u) —y(v) < M(1— apred(u,v))
—y(u) +y(v) < M(1 - apred(u,v))
z(u) —z(v) > —M(1— apred(u,v)) + ¢

How does this work?

Case 1: apred(u,v) =1
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Case 1: apred(u,v) =1
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—y(u) +y(v) < 0
r(u) —x(v) > 4
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> Predecessor sector. / e
<
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How does this work?

Case 1: apred(u,v) =1

u) —ylv) <
ey £ 0 e
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Octilinearity and Relative Positions

very large constant
’ Predecessor sector. / e
<

A y(u) —y(v) < M(1— apred(u,v))
—y(u) +y(v) < M(1 = apred(u,v))
z(u) —z(v) > —M(1— apred(u,v)) + ¢

How does this work?

Case 1: apred(u,v) =1 Case 2: apred(u,v) =0
y(u) —y(v) < _
—y(u) +y(v) < 0 } DR
r(u) —x(v) > 4



Octilinearity and Relative Positions

y(U) - y(v) M(]- il CVpred ('U/, U))
_y(u) + y(v) M(]- — (lpred (ua U))
* r(u) — x(v)

_M(]- — CVpred(u, U)) +/
How does this work?

very large constant
9 Predecessor sector. / y 1are
P

VA TA

Case 1: apred(u,v) =1 Case 2: apred(u,v) =0
y(u) —y(v) < ) — (o y(u) —y(v) < M
—y(u) +ylv) < 0 } = v} =ov) —y(u)+ylv) < M
r(u) —z(v) > ¢ r(u)—z(v) > —M+/4
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Octilinearity and Relative Positions

very large constant
> Predecessor sector. / e
<

A y(u) —y(v) < M(1— apred(u,v))
—y(u) +y(v) < M(1 = apred(u,v))
z(u) —z(v) > —M(1— apred(u,v)) + ¢

How does this work?

Case 1: apred(u,v) =1 Case 2: apred(u,v) =0
y(u) —y(v) < ) — (o y(u) —y(v) < M
—y(u) +ylv) < 0 } = v} =ov) —y(u)+ylv) < M
r(u) —z(v) > ¢ r(u)—z(v) > —M+/4
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Octilinearity and Relative Positions
| tant (how | Ily?
, Predecessor sector. /very arge constant (how large, actually?)
ordd A‘O y(u) o y(v) M(]- — (lpred (’LL, U))
< M(1 — apred(u, v))

—y(u) +y(v)
ZIZ(U) — x(v) _M(]- — O‘pred(uy U)) + 4

VA TA

How does this work?

Case 1: apred(u,v) =1 Case 2: apred(u,v) =0
y(u) —y(v) < Y — o y(u) —y(v) < M \
—y(u) +y(v) < 0 } = y(u) = y(v) —y(u) +y(v) < M > all arbitrary
r(u) —z(v) > 4 r(u) —x(v) > —M+/




Octilinearity and Relative Positions

very large constant
Predecessor sector. /

2

P
6'!

y(u) —y(v) <
—y(u) +y(v) <
r(u) —xz(v) >

Original sector.
2o(u) — z2(v)

—22(u) + 22(v)
z1(u) — z1(v)

VA TA

M(1 — apred(u, v))
M (1 — apred(u, v))
—M(1 — apred(u,v)) + ¢

M (1 — aprig(u, v))
M (1 — arig(u, v))
—M (1 — Qorig(u,v)) + ¢
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Octilinearity and Relative Positions

very large constant
’ Predecessor sector. / e

iy y(u) —y(v) < M(1— apred(u,v))
—y(u) +y(v) < M(1 - apred(u,v))
z(u) —z(v) > —M(1— apred(u,v)) + ¢

Original sector.
2o(u) — z2(v)

—22(u) + 22(v)
z1(u) — z1(v)

M (1 — aprig(u, v))
M (1 — arig(u, v))
—M (1 — Qorig(u,v)) + ¢

VA TA

Successor sector.

r(u) —z(v) < M(1— asec(u,v))
—z(u) +z(v) < M(1— asyec(u,v))
y(u) —y(v) = —M(1 — asucc(u,v)) +¢
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Objective Function

B models the three soft constraints

B weighted sum of individual cost functions
minimize >\bends COStpends + >\Iength COStIength + AdistCOStdist

Example: line bends (R3/R4)
Edges uv and vw on aline L € L
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Objective Function

B models the three soft constraints

B weighted sum of individual cost functions
minimize >\bends COStpends + >\Iength COStIength + AdistCOStdist

Example: line bends (R3/R4)
Edges uv and vw on aline L € L

o, i o B draw as straight as possible
O———0-------0
u RAECR

(@) E @)
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Objective Function

B models the three soft constraints

B weighted sum of individual cost functions
minimize >\bends COStpends + >\Iength COStIength + AdistCOStdist

Example: line bends (R3/R4)
Edges uv and vw on aline L € L

o 1 0 B draw as straight as possible

B increasing cost bend(u, v, w) for increasing
acuteness of /(uwv,vw)

w4 COSthends = E E bend(u, v, w)

Lel wv,yoweL
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Example: line bends (R3/R4)
Edges uv and vw on aline L € L

o3 ! ol m draw as straight as possible

-0 M increasing cost bend(u, v, w) for increasing
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Objective Function

B models the three soft constraints
B weighted sum of individual cost functions

minimize >\bends COStpends + >\Iength COStIength + AdistCOStdist

Example: line bends (R3/R4)
Edges uv and vw on aline L € L
03 ! /01 B draw as straight as possible

-0 M increasing cost bend(u, v, w) for increasing
, \ acuteness of /(uwv,vw)
o3 o]
w89 COSthends = E E bend(u, v, w)
Lel wv,yoweL
To assign bend(u, v, w) correctly, we need to define some linear

constraints based on the direction variables dir(u, v) and dir(v, w).

25 -



Overview MIP model

Constraints.
B linearization of all hard constraints

m O(n?) variables and constraints (due to planarity)
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Overview MIP model

Constraints.
B linearization of all hard constraints

m O(n?) variables and constraints (due to planarity)
Objective function.
B weighted sum of the three soft constraints

B minimize ApendCOSthend + AlenCOStien + Adist COStdist
B effect:

well balanced




Station Labeling

B unlabeled map mostly useless
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Station Labeling

B unlabeled map mostly useless

Riemecker Feld +
Im Lohfeld «
Westfriedhof «
Techn. Rathaus +

stag,

o "Rotheweg
* Nordbahnhof
+ Heinrichskirche: t&"‘
Detrmolder

Neuhduser Tar / Tor

é" \\\’H'I:haﬂm.

\\:‘Helusst'r. F

\ﬂm

Zentral- Am Bogen

Pmlinushi?: Halfthlml'lnf # station
Kicknerstralle Westerntar

* Milzerstr. !'II'I
; =
Abbabracle | friedstr.

a El]ha'rdﬂ'r. # Josefs-
krankenhaus
* Frauenktinik

Paderborn

-\H:snlu' Strafle
'« [Bf Kasseler Tor

w, Schulbrede
\. Hilligenbusch
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Station Labeling

B unlabeled map mostly useless

+ Ratheweg

B labels need space =N S S

+Helnrichsidrche/ 3

[
Neuhduser Tar / Tor

1 \\\ Michaelstr.
Riemecker Feld f\\} e 5

Im Lohfeld »

Westfriedhof + \ Glerstor  Plepen-  Schulze-

Delitzsch-Straie
R — Zentral- T Am Bogen "™

Pontanusstrate Hawptbahnhof s Station = Kasseler

" MBcknerstralie ~ Westerntar \
‘s, [BF Kasseler Tor
* Milzerstr.

A i i Win- T+, Schalbrede

friedstr.
*Sighardstr. 8 gooer N\, Hilligenbusch
krankenhaus
* Frauenklinik

Paderborn



Station Labeling

B unlabeled map mostly useless

B labels need space

B labels may not overlap each other

Aushesserungswerk *
Schiltzenplate Mord 'Y + Ratheweg
Maspernplatz  * Nordbahnhof
] « Heinrichskirche t&"“‘
o Detmolder %
I:uhll!u Tar ¥ Tor * Langer Weg
Michaelstr, p i
Rlemecker Feld + éf \f\ Helersstr. Fribelstr.
Im Lokfeld « N .

Westfriedhof + \um Plepen-  Schulze-

turmweg  Delitzsch-Stralle
Techn. Rathaus +» Zentral- T m Bogen

Pontanusstralle Haw nhof
ota 5 3 e e station -\H:snluhﬂe
g . [BF Kasseler Tor

-
Malzerstr.
A i * Win- '+ Schalbrede

* Sighardstr, ""m \ Hiltigenbusch

Paderborn
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Station Labeling

B unlabeled map mostly useless
B labels need space
B labels may not overlap each other

B graph labeling problem is NP-hard
[Kakoulis & Tollis 2001]

Schiltzenplatz Nord *  +Ratheweg
Maspernplatz  * Nordbahnhof
] «Hainrichskirche

[
Neuhduser Tar / Tor

f‘\\ Michaelstr.
Im Lohfeld + [ ’\\3""’"““ [ ]

Westfriedhof + \um Plepen-  Schulze-

Delitzsch-Straie
R — Zentral- T Am Bogen "™

Pontanusstrafie Haw nhof
sta g z fﬂ""’ mur station -\H:“d! Stralte
g s, BF Kasseler Tor
* Milzerstr.

N
A ; - “a_Schulbrede
* Sighardstr, ""m \ Hiltigenbusch

* Frauenklimik
Gertru- I
denstr. * Im Spiringsfelde
8 l’ Kilianplatz
Btisabethkirche

Staphanusstrale s
&

Paderborn
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Station Labeling

B unlabeled map mostly useless

B labels need space il e e e
P : ) Neuhduser Tar !“f‘?:; "' La‘:‘:;
é"\\’mmm. A elats. - .
i \\}Helusst'r.. . .
B labels may not overlap each other ot ) Vel - PN

H Zentral-
Pontanusstrale Hauptbahnhof  CE il u P

Kiicknerstraie  Westerntar ‘\_ BF Kaseclor Tor

] Hn-\- Schualbrade

B graph labeling problem is NP-hard = D :E}w:\"’”’}";;m
[Kakoulis & Tollis 2001] ‘ y s

* Milzerstr.

Paderborn

— combine layout & labeling for optimal results!

T B parallelogram as special metro line

Mainz
Mannheim

adebas B switching sides allowed

Karlsruhe

Frankfurt (Main)

Mainz
Mannheim
Heidelberg

Karlsruhe




Example: Sydney

Sydney
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MIP constraints | variables
full 1,191,406 290,137
callback 21,988 02.681
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Example: Sydney

Input V| | |E| | faces | |L]
full 174 | 183 11
reduced 388 o7 10
labeled | 242 | 270 30

l

MIP constraints | variables
full 1,191,406 290,137
callback 21,988 02.681

Sydney

Algorithm
Engineering

mnalyze



Example: Sydney
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Example: Sydney
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Example: Sydney
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Example: Sydney & Tokyo
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Mixed-Integer Programming — Discussion

Pros.

Cons.
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Pros.
B flexible framework, but integration and linearization of new criteria requires some effort

® high layout and labeling quality
B theoretical guarantees

B can integrate user constraints dynamically

Cons.
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Mixed-Integer Programming — Discussion

Pros.
B flexible framework, but integration and linearization of new criteria requires some effort

® high layout and labeling quality
B theoretical guarantees

B can integrate user constraints dynamically

Cons.
B long, sometimes unpredictable running times

m for large labeled networks no proof of optimality

B solutions only as good as the model specification
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Mixed-Integer Programming — Discussion
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L east-Squares Schematization
[Wang & Chi 2011]

Idea. ® model layout problem as minimization of a set of (squared) energy terms
B variables for vertex positions and edge slopes

B use iterative numerical optimization method

30 -



30 -

L east-Squares Schematization
[Wang & Chi 2011]

Idea. ® model layout problem as minimization of a set of (squared) energy terms
B variables for vertex positions and edge slopes

B use iterative numerical optimization method

B 3-step approach

B compute topologically correct non-octilinear layout optimizing angular resolution (R5),
uniform edge lengths (R7), displacement (R6)

m octilinearly discretize edge orientations (R2) by extra energy term
B optimize label placement by energy minimization in fixed layout

B described for a focus route, but generalizes to entire maps



L east-Squares Schematization
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L east-Squares Schematization
[Wang & Chi 2011]

Idea. ® model layout problem as minimization of a set of (squared) energy terms
B variables for vertex positions and edge slopes

B use iterative numerical optimization method

B 3-step approach

B compute topologically correct non-octilinear layout optimizing angular resolution (R5),
uniform edge lengths (R7), displacement (R6)

m octilinearly discretize edge orientations (R2) by extra energy term
B optimize label placement by energy minimization in fixed layout

B described for a focus route, but generalizes to entire maps

Discussion.
B very fast method for good quality layouts

B no guarantee on constraints unless final energy is zero



Summary

B variety of layout methods evolved over the last 15-20 years
B many shared design rules

B trade-off between speed and quality, but quite reasonable maps
can be computed in a matter of seconds to minutes

B many approaches are customizable and open to new criteria

B current trend: beyond-octilinear metro maps
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Summary

B variety of layout methods evolved over the last 15-20 years
B many shared design rules

B trade-off between speed and quality, but quite reasonable maps
can be computed in a matter of seconds to minutes

B many approaches are customizable and open to new criteria

B current trend: beyond-octilinear metro maps

Why automated maps?
B base layouts for graphic designers (semi-automated process)

B large quantities of individual or special-purpose maps

Challenges
B global quality criteria like symmetry, harmony, coherence, balance

B take thick edge bundles and large vertices into account
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