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Hierarchical Drawing

� Input:

� edges are directed upwards,

� vertices lie on (few) horizontal lines,

� few pairs of edges cross,

� edges are short,

� vertices are evenly spaced.

Desirable Properties:

Criteria can be contradictory!

Problem Statement:

digraph G

drawing of G that “closely”
reproduces the hierarchical
properties of G

� Output:
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Hierarchical Drawing – Applications
yEd Gallery: Java profiler JProfiler using yFiles
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Hierarchical Drawing – Applications

Source: Randall Munroe, https://xkcd.com/657

https://xkcd.com/657
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Hierarchical Drawing – Applications

Source: Tanahashi & Ma, ”Design Considerations for
Optimizing Storyline Visualizations”, TVCG 2012

Source: Randall Munroe, https://xkcd.com/657

https://doi.org/10.1109/TVCG.2012.212
https://xkcd.com/657
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Hierarchical Drawing – ApplicationsHierarchical Drawing – Applications

Source: Visualization that won the Graph Drawing Contest,
Creative Track, 2016. Klawitter & Mchedlidze
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Step 1: Cycle Breaking
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Step 1: Cycle Breaking

Approach.
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Step 1: Cycle Breaking

Approach.

� Find minimum-size set E? of edges that are not upward.

� Remove E? and insert reversed edges.
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Approach.

� Find minimum-size set E? of edges that are not upward.

� Remove E? and insert reversed edges.

Problem Minimum Feedback Arc Set (FAS).

� Input:

� Output:

directed graph G

minimum-size set E? ⊆ E(G) such that G? = (V (G), E(G) \ E?) acyclic

. . . NP-hard
(E(G) \ E?) ∪ E?
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Heuristic 1 [Berger, Shor ’90]
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Use the vertex order from before (edges in E′ upwards)
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�
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{
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π1(vdk/2e) otherwise.

� To get π2, sort L2 ascendingly according to med(·).

�

[Eades & Wormald ’94]
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� Iteratively swap pairs of neighboring vertices on L2 as long as the number of crossings
decreases.

� Runtime: O(|L2|) per iteration; at most |L2| iterations ⇒ O(|L2|2) time.

� Suitable as post-processing for other heuristics.

L1

L2

Worst case?
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� Constant cij := # crossings between edges incident to vi and vj if π2(vi) < π2(vj)
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[Jünger & Mutzel, ’97]

vj vi

cij = 3 cji = 2



23 - 3

Integer Linear Program (ILP)

� Constant cij := # crossings between edges incident to vi and vj if π2(vi) < π2(vj)

� Variable xij for each 1 ≤ i < j ≤ n2 := |L2|

xij =

{
1 if π2(vi) < π2(vj),
0 otherwise.

vi vj

[Jünger & Mutzel, ’97]

vj vi

cij = 3 cji = 2



23 - 4

Integer Linear Program (ILP)

� Constant cij := # crossings between edges incident to vi and vj if π2(vi) < π2(vj)

� Variable xij for each 1 ≤ i < j ≤ n2 := |L2|

xij =

{
1 if π2(vi) < π2(vj),
0 otherwise.

vi vj
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[Jünger & Mutzel, ’97]

vj vi

cij = 3 cji = 2



24 - 1

Integer Linear Program (ILP)

� Objective (minimize the number of crossings):

minimize
n2−1∑
i=1

n2∑
j=i+1

(cij − cji)xij



24 - 2

Integer Linear Program (ILP)

� Objective (minimize the number of crossings):

minimize
n2−1∑
i=1

n2∑
j=i+1

(cij − cji)xij

� Transitivity constraints:

0 ≤ xij + xjk − xik ≤ 1 for 1 ≤ i < j < k ≤ n2



24 - 3

Integer Linear Program (ILP)

� Objective (minimize the number of crossings):

minimize
n2−1∑
i=1

n2∑
j=i+1

(cij − cji)xij

� Transitivity constraints:

0 ≤ xij + xjk − xik ≤ 1 for 1 ≤ i < j < k ≤ n2

i.e., if xij = 1 and xjk = 1, then xik = 1



24 - 4

Integer Linear Program (ILP)

� Objective (minimize the number of crossings):

minimize
n2−1∑
i=1

n2∑
j=i+1

(cij − cji)xij

� Transitivity constraints:

0 ≤ xij + xjk − xik ≤ 1 for 1 ≤ i < j < k ≤ n2

i.e., if xij = 1 and xjk = 1, then xik = 1
00 0



24 - 5

Integer Linear Program (ILP)

� Objective (minimize the number of crossings):

minimize
n2−1∑
i=1

n2∑
j=i+1

(cij − cji)xij

� Transitivity constraints:

0 ≤ xij + xjk − xik ≤ 1 for 1 ≤ i < j < k ≤ n2

i.e., if xij = 1 and xjk = 1, then xik = 1
00 0



24 - 6

Integer Linear Program (ILP)

� Objective (minimize the number of crossings):

minimize
n2−1∑
i=1

n2∑
j=i+1

(cij − cji)xij

� Transitivity constraints:

0 ≤ xij + xjk − xik ≤ 1 for 1 ≤ i < j < k ≤ n2

i.e., if xij = 1 and xjk = 1, then xik = 1
00 0

Properties.
� branch-and-cut technique applicable for this ILP

� useful for graphs of small to medium size

� finds optimal solution

� solution in polynomial time is not guaranteed



24 - 7

Integer Linear Program (ILP)

� Objective (minimize the number of crossings):

minimize
n2−1∑
i=1

n2∑
j=i+1

(cij − cji)xij

� Transitivity constraints:

0 ≤ xij + xjk − xik ≤ 1 for 1 ≤ i < j < k ≤ n2

i.e., if xij = 1 and xjk = 1, then xik = 1
00 0

Properties.
� branch-and-cut technique applicable for this ILP

� useful for graphs of small to medium size

� finds optimal solution

� solution in polynomial time is not guaranteed



24 - 8

Integer Linear Program (ILP)

� Objective (minimize the number of crossings):

minimize
n2−1∑
i=1

n2∑
j=i+1

(cij − cji)xij

� Transitivity constraints:

0 ≤ xij + xjk − xik ≤ 1 for 1 ≤ i < j < k ≤ n2

i.e., if xij = 1 and xjk = 1, then xik = 1
00 0

Properties.
� branch-and-cut technique applicable for this ILP

� useful for graphs of small to medium size

� finds optimal solution

� solution in polynomial time is not guaranteed



24 - 9

Integer Linear Program (ILP)

� Objective (minimize the number of crossings):

minimize
n2−1∑
i=1

n2∑
j=i+1

(cij − cji)xij

� Transitivity constraints:

0 ≤ xij + xjk − xik ≤ 1 for 1 ≤ i < j < k ≤ n2

i.e., if xij = 1 and xjk = 1, then xik = 1
00 0

Properties.
� branch-and-cut technique applicable for this ILP

� useful for graphs of small to medium size

� finds optimal solution

� solution in polynomial time is not guaranteed



24 - 10

Integer Linear Program (ILP)

� Objective (minimize the number of crossings):

minimize
n2−1∑
i=1

n2∑
j=i+1

(cij − cji)xij

� Transitivity constraints:

0 ≤ xij + xjk − xik ≤ 1 for 1 ≤ i < j < k ≤ n2

i.e., if xij = 1 and xjk = 1, then xik = 1
00 0

Properties.
� branch-and-cut technique applicable for this ILP

� useful for graphs of small to medium size

� finds optimal solution

� solution in polynomial time is not guaranteed



25 - 1

Iterations on Example



25 - 2

Iterations on Example



25 - 3

Iterations on Example



25 - 4

Iterations on Example



25 - 5

Iterations on Example



25 - 6

Iterations on Example



25 - 7

Iterations on Example



25 - 8

Iterations on Example



25 - 9

Iterations on Example



26 - 1

Step 4: Vertex Positioning

3

2 54

1

3

2 54

1 6 7

3 2

54

1

6

7

Input Cycle Breaking Layering

Crossing
Minimization

Vertex
Positioning

3 2

54

1

6

7

3 2

54

1

6

7

3 2

54

1

6

7

Edge
Drawing

6 7



26 - 2

Step 4: Vertex Positioning

3 2

54

1

6

7

3 2

54

1

6

7



26 - 3

Step 4: Vertex Positioning

Goals.

� paths of a single edge should be (close to) straight

� vertices on a layer evenly spaced

� perfer vertical edges

3 2

54

1

6

7

3 2

54

1

6

7



26 - 4

Step 4: Vertex Positioning

Goals.

� Exact: Quadratic Program (QP)

� paths of a single edge should be (close to) straight

� vertices on a layer evenly spaced

� perfer vertical edges

3 2

54

1

6

7

3 2

54

1

6

7



26 - 5

Step 4: Vertex Positioning

Goals.
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Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

vk

v1

vi



27 - 2

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
vk

v1

vi



27 - 3

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
vk

v1

vi



27 - 4

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
vk

v1

vi



27 - 5

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
vk

v1

vi



27 - 6

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
vk

v1

vi



27 - 7

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
vk

v1

vi



27 - 8

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi



27 - 9

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi



27 - 10

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi



27 - 11

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi



27 - 12

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi



27 - 13

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi



27 - 14

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi



27 - 15

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi

� Objective function: min
∑

e∈E dev(pe)



27 - 16

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi

� Objective function: min
∑

e∈E dev(pe)



27 - 17

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi

� Objective function: min
∑

e∈E dev(pe)

� Constraints for all vertices v, w in the same layer with w to the right of v:
x(w)− x(v) ≥ ρ



27 - 18

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi

� Objective function: min
∑

e∈E dev(pe)

� Constraints for all vertices v, w in the same layer with w to the right of v:
x(w)− x(v) ≥ ρ



27 - 19

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi

� Objective function: min
∑

e∈E dev(pe)

� Constraints for all vertices v, w in the same layer with w to the right of v:
x(w)− x(v) ≥ ρ min. horizontal distance



27 - 20

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi

� Objective function: min
∑

e∈E dev(pe)

� Constraints for all vertices v, w in the same layer with w to the right of v:
x(w)− x(v) ≥ ρ min. horizontal distance

� QP is time-expensive.

� Width can be exponential.



27 - 21

Quadratic Program

� Let e = (v1, vk) be an edge of G, and let pe = (v1, . . . , vk)
be the corresponding path with dummy vertices v2, . . . , vk−1.

� x-coordinate of vi according to the line segment v1vk
(with equal spacing of the layers):

x(vi) = x(v1) +
i− 1

k − 1

(
x(vk)− x(v1)

)
� Define the deviation from the line

dev(pe) :=
k−1∑
i=2

(
x(vi)− x(vi)

)2

vk

v1

vi

� Objective function: min
∑

e∈E dev(pe)

� Constraints for all vertices v, w in the same layer with w to the right of v:
x(w)− x(v) ≥ ρ min. horizontal distance

� QP is time-expensive.

� Width can be exponential.



28 - 1

Iterative Heuristic

� Compute an initial layout



28 - 2

Iterative Heuristic

� Compute an initial layout

� Apply the following steps as long as improvements can be made:



28 - 3

Iterative Heuristic

� Compute an initial layout

1. vertex positioning
2. edge straightening
3. compactifying the layout (to reduce the width)

� Apply the following steps as long as improvements can be made:



28 - 4

Iterative Heuristic

� Compute an initial layout

1. vertex positioning
2. edge straightening
3. compactifying the layout (to reduce the width)

� Apply the following steps as long as improvements can be made:



28 - 5

Iterative Heuristic

� Compute an initial layout

1. vertex positioning
2. edge straightening
3. compactifying the layout (to reduce the width)

� Apply the following steps as long as improvements can be made:



28 - 6

Iterative Heuristic

� Compute an initial layout

1. vertex positioning
2. edge straightening
3. compactifying the layout (to reduce the width)

� Apply the following steps as long as improvements can be made:

� Other algorithms, e.g., the one of Brandes and Köpf
[GD 2002, see also Brandes, Walter, Zink: arXiv 2020]:

– tries to align vertices vertically

– does horizontal compaction afterwards

– linear running time
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Classical Approach – Sugiyama Framework
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