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General Layout Problem

Input:  Graph G
Output: Clear and readable straight-line drawing of G

Drawing aesthetics to optimize:
adjacent vertices are close
non-adjacent vertices are far apart

edges short, straight-line, similar length

]
[]
]
B densely connected parts (clusters) form communities
B as few crossings as possible

]

nodes distributed evenly

Optimization criteria partially contradict each other.
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Fixed Edge Lengths?

Input:  Graph G, required length ¢(e) for each edge e € E(G).
Output: Drawing of GG that realizes the given edge lengths.

o [ 0 xR R
o O‘Q 0 * o Q
& po) o
% © &
NP-hard for
B uniform edge lengths in any dimension [Johnson '82

B uniform edge lengths in planar drawings  [Eades, Wormald '90]

B edge lengths in {1,2} [Saxe '80]




Physical Analogy

Idea. |[Eades '84]
“To embed a graph we replace the vertices by steel rings and replace each edge with
a spring to form a mechanical system. ..



Physical Analogy

Ildea. |[Eades '84]
“To embed a graph we replace the vertices by steel rings and replace each edge with
a spring to form a mechanical system. ..




Physical Analogy

Idea. |[Eades '84]

“To embed a graph we replace the vertices by steel rings and replace each edge with
a spring to form a mechanical system. .. The vertices are placed in some initial
layout and let go so that the spring forces on the rings move the system to a minimal

energy state.”




Physical Analogy

Idea. |[Eades '84]

“To embed a graph we replace the vertices by steel rings and replace each edge with
a spring to form a mechanical system. .. The vertices are placed in some initial
layout and let go so that the spring forces on the rings move the system to a minimal

energy state.”




Physical Analogy

Idea. |[Eades '84]

“To embed a graph we replace the vertices by steel rings and replace each edge with
a spring to form a mechanical system. .. The vertices are placed in some initial
layout and let go so that the spring forces on the rings move the system to a minimal

energy state.”




Physical Analogy

Idea. |[Eades '84]

“To embed a graph we replace the vertices by steel rings and replace each edge with
a spring to form a mechanical system. .. The vertices are placed in some initial
layout and let go so that the spring forces on the rings move the system to a minimal

energy state. Attractive forces.




Physical Analogy

Idea. |[Eades '84]

“To embed a graph we replace the vertices by steel rings and replace each edge with
a spring to form a mechanical system. .. The vertices are placed in some initial
layout and let go so that the spring forces on the rings move the system to a minimal
energy state. Attractive forces.

pairs {u, v} of adjacent vertices:




Physical Analogy

Idea. |[Eades '84]

“To embed a graph we replace the vertices by steel rings and replace each edge with
a spring to form a mechanical system. .. The vertices are placed in some initial
layout and let go so that the spring forces on the rings move the system to a minimal
energy state. Attractive forces.

pairs {u, v} of adjacent vertices:

1, ONVWWWWO U
fattr
—




Physical Analogy

Idea. |[Eades '84]

“To embed a graph we replace the vertices by steel rings and replace each edge with
a spring to form a mechanical system. .. The vertices are placed in some initial
layout and let go so that the spring forces on the rings move the system to a minimal
energy state. Attractive forces.

pairs {u, v} of adjacent vertices:

fattr
—> Repulsive forces.




Physical Analogy

Idea. |[Eades '84]

“To embed a graph we replace the vertices by steel rings and replace each edge with
a spring to form a mechanical system. .. The vertices are placed in some initial
layout and let go so that the spring forces on the rings move the system to a minimal

energy state. Attractive forces.

pairs {u, v} of adjacent vertices:

1, ONWWWWWO U
fattr

—> Repulsive forces.

any pair {z,y} of vertices:




Physical Analogy

Idea. |[Eades '84]

“To embed a graph we replace the vertices by steel rings and replace each edge with
a spring to form a mechanical system. .. The vertices are placed in some initial
layout and let go so that the spring forces on the rings move the system to a minimal

energy state. Attractive forces.

pairs {u, v} of adjacent vertices:

1, ONWWWWWO U
fattr

—> Repulsive forces.

any pair {z,y} of vertices:

€T




Physical Analogy

Idea. |[Eades '84]

“To embed a graph we replace the vertices by steel rings and replace each edge with
a spring to form a mechanical system. .. The vertices are placed in some initial
layout and let go so that the spring forces on the rings move the system to a minimal

energy state. Attractive forces.

pairs {u, v} of adjacent vertices:

fattr
Repulsive forces.
So-called spring-embedder algorithms that any pair {z,y} of vertices:
work according to this or similar principles are
x
among the most frequently used graph-drawing O‘f\bo Y
rep

methods in practice.
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Spring Embedder by Eades — Model

ForceDirected(graph G, p = (py)vev, € > 0, K € N)
t+1
while ¢ < K and max,cy(q) || Fu(t — 1)|| > € do
foreach v € V(G) do

| Fu(t) < X vev(q) frep(Pus o) + 2 eadjju fattr (Pus Po)
foreach v € V(G) do
| pu < pu + 6(E) - Fu(t)
t<—t+1
re?turn p




Spring Embedder by Eades — Model

B Repulsive forces

B Attractive forces

B Resulting displacement vector

Fu= Y fep(Pu:po) + > fatte(Pus o)

veV(Q)

veAdj[u]
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ForceDirected(graph G, p = (py)vev, € > 0, K € N)

i1 :

while ¢ < K and max,cy (q) || Fo(t — 1)|| > € do .

foreach u € V(G) do :

| Fult) < 2oevia) freo(Pus Po) + 2 pendiu Sattr(Pus Do)

foreach u € V(G) do I

L Pu < Du + (1) - Ful(t)
|t t+1

. return p )
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e

B Attractive forces
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Notation.

N pup,,i = unit vector

pointing from u to v

B Resulting displacement vector
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B Repulsive forces

/

Crep

repulsion constant (e.g., 2.0)

frep(puapv) — ||p

B Attractive forces

B Resulting displacement vector

> frep(Puspv) +

veV(Q)

> farr(Pus Do)

veAdj[u]
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ForceDirected(graph G, p = (pv)vev, € > 0, K € N)
ERA !
+ while ¢ < K and max,cv(q) [|[Fu(t — 1)[| > € do

t+—t+1

] re_turn D

foreach u € V(G) do :
| Fult) < 2oevia) freo(Pus Po) + 2 pendiu Sattr(Pus Do)
foreach u € V(G) do
L Du < Pu + 5(t) : Fu(t)

Notation.

pupva — unit vector

pointing from u to v

|pv — pu|| = Euclidean
distance between v and v
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| :
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foreach u € V(G) do
| Fult) < 2oevia) freo(Pus Po) + 2 pendiu Sattr(Pus Do)
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re_turn D !

Notation.

] pupva — unit vector

pointing from u to v

B ||p, — pu|| = Euclidean
distance between u and v

B / = ideal spring length
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Spring Embedder by Eades — Model

B Repulsive forces repulsic;n/constant (e.g., 2.0)
Cre
frep(puapv) — ||p - ||2 p’Upu

B Attractive forces .
spring constant (e.g., 1.0)

O e —pl

fspring(puapv) — Cspring |Og / " PuPo

fattr(puapv) — fspring(puapv) o frep(puapv)

B Resulting displacement vector

ForceDirected(graph G, p = (po)vev, £ >0, K €N) 0

E t+1
+ while ¢ < K and max,cv(q) [|[Fu(t — 1)[| > € do

foreach v € V(G) do .
L Fu(t) — ZvEV(G) frep(puapv) -+ ZveAdj[u] fattr(puapv):

foreach u € V(G) do
L Du < Pu + 5(t) : Fu(t)
t—t+1

1 —
. return p

Notation.
O pupva = unit vector
pointing from u to v

|pv — pu|| = Euclidean
distance between v and v

B / = ideal spring length
for edges

Z frep(puapv)_l_ Z fattr(puvpv)

veV(G) veAdj[u]
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Force

Pv — P s
fspring(puapv) — Cspring ° |Og H . / u” * PuPv

>

pull © to v

Distance

Crep s
PvPu

Jrep(Dus Do) = -
rep( u ’U) ||pv _pu||2

-

push u away
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fattr(puapv) — fspring(puapv) — frep(puapv)

[Py — Dul

i A fspring(puapv) — Cspring ° |0g / * PuPo
=
:: .
- Distance
Crep
Jrep(Pus Pv) = TP——TF - Db

Pul

-

push u away




Spring Embedder by Eades — Discussion

Advantages.



Spring Embedder by Eades — Discussion

Advantages.
B very simple algorithm



Spring Embedder by Eades — Discussion

Advantages.
B very simple algorithm

B good results for small and medium-sized graphs



Spring Embedder by Eades — Discussion

Advantages.
B very simple algorithm

B good results for small and medium-sized graphs

B empirically good representation of symmetry and structure



Spring Embedder by Eades — Discussion

Advantages.
B very simple algorithm

B good results for small and medium-sized graphs

B empirically good representation of symmetry and structure

Disadvantages.



Spring Embedder by Eades — Discussion

Advantages.
B very simple algorithm

B good results for small and medium-sized graphs

B empirically good representation of symmetry and structure

Disadvantages.
B System may not be stable at the end.



Spring Embedder by Eades — Discussion

Advantages.
B very simple algorithm

B good results for small and medium-sized graphs

B empirically good representation of symmetry and structure

Disadvantages.
B System may not be stable at the end.

B May converge to a local minimum that is not a global minimum.



Spring Embedder by Eades — Discussion

Advantages.
B very simple algorithm

B good results for small and medium-sized graphs

B empirically good representation of symmetry and structure

Disadvantages.
B System may not be stable at the end.

B May converge to a local minimum that is not a global minimum.
B Computing fspring takes O(|E(G)|) time; computing frep takes O(|V(G)|?) time.



Spring Embedder by Eades — Discussion

Advantages.
B very simple algorithm

B good results for small and medium-sized graphs

B empirically good representation of symmetry and structure

Disadvantages.
B System may not be stable at the end.

B May converge to a local minimum that is not a global minimum.
B Computing fspring takes O(|E(G)|) time; computing frep takes O(|V(G)|?) time.

Influence.



Spring Embedder by Eades — Discussion

Advantages.
B very simple algorithm

B good results for small and medium-sized graphs

B empirically good representation of symmetry and structure

Disadvantages.
B System may not be stable at the end.

B May converge to a local minimum that is not a global minimum.
B Computing fspring takes O(|E(G)|) time; computing frep takes O(|V(G)|?) time.

Influence.
B original paper by Peter Eades [Eades '84| got &~ 2000 citations

- 10



Spring Embedder by Eades — Discussion

Advantages.
B very simple algorithm

B good results for small and medium-sized graphs

B empirically good representation of symmetry and structure

Disadvantages.
B System may not be stable at the end.

B May converge to a local minimum that is not a global minimum.
B Computing fspring takes O(|E(G)|) time; computing frep takes O(|V(G)|?) time.

Influence.
B original paper by Peter Eades [Eades '84| got &~ 2000 citations

B basis for many further ideas
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Variant by Fruchterman & Reingold

B Repulsive forces

IZ BN
* PuDu
Pv — Du ||

frep(p’cwp’v) — ||

B Attractive forces

2
Pv — P —
fattr(puapv) — || - / u” * PuPv

B Resulting displacement vector

Fu: Z frep(puapv)"l' Z fattr(puvpv)

veV(G) vEAd]j[u]

ForceDirected(graph G, p = (po)vev, £ >0, K €N) 9

ERA !
+ while ¢ < K and max,cv(q) [|[Fu(t — 1)[| > € do

foreach u € V(G) do |
L ] <— ZvEV(G) s o) AR ZveAdj[u] Jattr(Pus Do) |
foreach u € V(G) do I
| pu 4 pu+8(t) - Fu(t)
|t t+1

1
. return p

Notation.

B ||py. — pu|| = Euclidean
distance between u and v

O pupvg = unit vector

pointing from u to v

B / = ideal spring length
for edges
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Fruchterman & Reingold — Force Diagram

Force

~

9 A

3

3

/ Distance

S

. rep(Pusp) = —— pop
PusPv) = * PuD

z__g v rep u v ||pv —puH vFU

o
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Fruchterman & Reéingold — Force Diagram

Force _
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pull v to v
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Fruchterman & Reingold — Force Diagram

Sroring(Pu: o) = Fate(Pu: po) + frep(pus o)

Distance

Force

-

pull u to v

-«

push u away



Adaptability S
egree of vertex u, I.e., jlu

Inertia. (“Tragheit”) /

B Define vertex mass ®(u) = 1 + deg(u)/2
B Set farer(U, Pv) = fattr(Pu, Po) - 1/ P (1)
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Adaptability S
egree of vertex u, I.e., jlu

Inertia. (“Tragheit”) /

B Define vertex mass ®(u) = 1 + deg(u)/2

B Set fattr(u,pv) — fattr(puap’v) ) 1/(])(“)
Gravitation.

 Define centroid oy = 1/|V(G)| - X, cv(q) Pv

B Add force fgrav(v) = Cgrav - P(v) -pvavz
Restricted drawing area.
If F, points beyond area R, clip vector appropriately at the border of R.

ky

And many more...
B magnetic orientation of edges [GD Ch. 10.4]

B other energy models

v

R

B planarity preserving

B speed-ups
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Speeding up “Convergence” by Adaptive Displacement 9,(t)

ForceDirected(graph G, p = (py)vev, € > 0, K € N)
t+1
while ¢ < K and max,cy(q) || Fu(t — 1)|| > € do
foreach v € V(G) do

| Fu(t) < X vevq) frep(Pus o) + 2 pendjug fattr (Pus Po)
foreach v € V(G) do
| pu < pu+ 6(E) - Fu(t)
t<—t+1
re?turn p




Speeding up “Convergence” by Adaptive Displacement 9,(t)

ForceDirected(graph G, p = (py)vev, € > 0, K € N)
t+1
while ¢ < K and max,cy(q) || Fu(t — 1)|| > € do
foreach v € V(G) do

L Fu(t) — Zve\/(G) frep(pu,pv) T queAdj[u] fattr(pu,pv)
foreach v € V(G) do
L Pu < Pu ‘|‘M'Fu(t)
t+—t+1 0y (1)
re?turn p
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Speeding up “Convergence” by Adaptive Displacement 9,(t)
[Frick, Ludwig, Mehldau '95]
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Speeding up “Convergence” by Adaptive Displacement 9,(t) |
[Frick, Ludwig, Mehldau '95]

Fy(t)
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Speeding up “Convergence” by Adaptive Displacement 9,(t)
[Frick, Ludwig, Mehldau '95]

Fy (1) Same direction.
F,(t—1) — increase temperature 6,(%)
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Speeding up “Convergence” by Adaptive Displacement 9,(t)
[Frick, Ludwig, Mehldau '95]
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Fy(t)
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Speeding up “Convergence” by Adaptive Displacement 9,(t)
[Frick, Ludwig, Mehldau '95]

Same direction.
F,(t—1) — increase temperature 6,(%)

o (t) Oscillation.
— decrease temperature 9§, (%)

Fy(t)
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Speeding up “Convergence” by Adaptive Displacement 9,(t)
[Frick, Ludwig, Mehldau '95]

Same direction.
— increase temperature 6,(%)

Oscillation.
— decrease temperature 9§, (%)




Speeding up “Convergence” by Adaptive Displacement 9,(t)

[Frick, Ludwig, Mehldau '95]

Same direction.
— increase temperature 6,(%)

Oscillation.
— decrease temperature 9§, (%)

Rotation.

B count rotations

m if applicable

— decrease temperature 6§, (1)
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Speeding up “Convergence” via Grids
[Fruchterman & Reingold '91]
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Speeding up “Convergence” via Grids
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B divide plane into a grid
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Speeding up “Convergence” via Grids
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""""""""""""""""""""""""""

B divide plane into a grid

B consider repulsive forces only
to vertices in neighboring cells
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Speeding up “Convergence”
[Fruchterman & Reingold '91]

""""""""""""""""""""""""""

via Grids

B divide plane into a grid

B consider repulsive forces only
to vertices in neighboring cells

B and only if the distance is less
than some threshold
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Speeding up “Convergence” via Grids
[Fruchterman & Reingold '91]

""""""""""""""""""""""""""

B divide plane into a grid

B consider repulsive forces only
to vertices in neighboring cells

B and only if the distance is less
than some threshold

Discussion.

B good idea to improve actual runtime
B asymptotic runtime does not improve

B might introduce oscillation and thus
a quality loss

13 -
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Speeding up Repulsive-Force Computation with Quad Trees
[Barnes, Hut '86]

Ry T
Ry @
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Ry
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Ri3 °
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Speeding up Repulsive-Force Computation with Quad Trees
[Barnes, Hut '86]

* [ QT

width /height of outer square

R

[

. R Ri6 B height h < Iog2(§i“_‘t) + %
1 /r‘nln
ng minimum distance btw. two pts.

Sinit
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Speeding up Repulsive-Force Computation with Quad Trees
[Barnes, Hut '86]

° [ QT

B height h < Iog2(dinft) + %

S
min

B h € O(logn) if vertices evenly
distributed in the initial box

Sinit
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Speeding up Repulsive-Force Computation with Quad Trees
[Barnes, Hut '86]

° [ QT

B height h < Iog2(dinft) + %

S
min

B h € O(logn) if vertices evenly
distributed in the initial box

B time/space in O(hn)

Sinit
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Speeding up Repulsive-Force Computation with Quad Trees
[Barnes, Hut '86]

° QT

m height hh < logy(32) + 3

B h € O(logn) if vertices evenly
distributed in the initial box

B time/space in O(hn)

B compressed quad tree can be
computed in O(nlogn) time

Sinit
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Speeding up Repulsive-Force Computation with Quad Trees
[Barnes, Hut '86]
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Speeding up Repulsive-Force Computation with Quad Trees
[Barnes, Hut '86]
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Speeding up Repulsive-Force Computation with Quad Trees

[Barnes, Hut '86]

number of points in the subtree R;

R1sg / centroid of R; (pre-computed)

frep(Riapu) — |Rz| ) frep(O-Rq;apu)

for each child R; of a vertex on path from root to w.
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Speeding up Repulsive-Force Computation with Quad Trees

[Barnes, Hut '86]

. B

N

AN

/

number of points in the subtree R;

R1sg / centroid of R; (pre-computed)

frep(Riapu) — |Rz| ) frep(O-Rq;apu)

for each child R; of a vertex on path from root to w.
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Speeding up Repulsive-Force Computation with Quad Trees

[Barnes, Hut '86]

. B

N

AN

U

/

number of points in the subtree R;

R1sg / centroid of R; (pre-computed)

frep(Riapu) — |Rz| ) frep(O-Rq;apu)

for each child R; of a vertex on path from root to w.



Visualization of Graphs

Lecture 2:
Force-Directed Drawing Algorithms

Part |l
Tutte Embeddings
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William T. Tutte
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1917 — 2002

16 -3




ldea

Consider a fixed triangle (a, b, ¢)
with a common neighbor v

Where would you place v?)

William T. Tutte
1917 — 2002

16 - 4




ldea

Consider a fixed triangle (a, b, ¢)
with a common neighbor v

Where would you place v?)

William T. Tutte
1917 — 2002

16 -5




ldea

Consider a fixed triangle (a, b, ¢)
with a common neighbor v

Where would you place v?)

William T. Tutte
1917 — 2002

16-6




ldea

Consider a fixed triangle (a, b, ¢)
with a common neighbor v

Where would you place v?)

William T. Tutte
1917 — 2002

16 -7




ldea

Consider a fixed triangle (a, b, ¢)
with a common neighbor v

Where would you place v?)

barycenter(a, b, ¢)

William T. Tutte
1917 — 2002

16 -8




16-9

ldea

Consider a fixed triangle (a, b, ¢)
with a common neighbor v

Where would you place v?)

barycenter(a, b, ¢)

barycenter(x1,...,x%) =

William T. Tutte
1917 — 2002
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ldea

Consider a fixed triangle (a, b, ¢)
with a common neighbor v

Where would you place v?)

barycenter(a, b, ¢)

k
barycenter(z1,...,x1) = L Ti/k

1=

William T. Tutte
1917 — 2002
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ldea

Consider a fixed triangle (a, b, ¢)
with a common neighbor v

Where would you place v?)

barycenter(a, b, ¢)

barycenter(z1, ..., x5) = S0 L Ti/k

1=

William T. Tutte
1917 — 2002

Idea.
Repeatedly place every vertex at barycenter of neighbors.
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Tutte's Forces
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Tutte's Forces




Tutte's Forces ForceDirected(graph G, p = (p)ocv, € > 0, K €N) i

Goal t <1
oal. ~ while t < K and max,cv(q) || Fu(t — 1)|| > ¢ do
« = barycenter(Adj[ul]) | foreach u € V(G) do

L F (t) A Z’UEV(G) frep(pprv) + ZveAdj[u] fattr(puapv)é
foreach u € V(G) do '

| Py pu+ I 1 Fy(

t<—t+1 3 ;
T barycenter(xy,...,2x) =) ,_; xi/k




Tutte's Forces

Goal.
pu = barycenter(Adj[u))
— ZvEAdj[u] Pu/

ForceDirected(graph G, p = (pv)vev, € > 0, K € N)

t<1

while ¢ < K and max,cy(q) || Fo(t — 1)|| > € do

foreach u € V(G) do |
L F (t) < Z’UEV(G) frep(puapv) + Z’UEACU[’U,] fattr(puapv)i

foreach u € V(G) do

| Py pu+ I 1 Fy(

t<—t+1 1 5
T barycenter(xy,...,2x) =) ,_; xi/k




Tutte's Forces ForceDirected(graph G, p = (p)ocv, € > 0, K €N) i

Goal t <1
oal: ~ while t < K and max,cy (q) || Fo(t — 1)|| > ¢ do
pu = barycenter(Adj[u]) | foreach v € V(G) do :
— ZveAdj[u] pv/ deg(u) L Fy(t) < ZUEV(G) frep(Pus Dv) + ngAdj[u] fattr(puapv);

foreach u € V(G) do

| Py pu+ I 1 Fy(

t<—t+1 , |
T barycenter(xy,...,2x) =) ,_; xi/k




Tutte's Forces ForceDirected(graph G, p = (pu)oev, £ > 0, K €N) i

t+1
Goal. ~ while ¢t < K and max,cy(q) || Fo(t — 1)|| > ¢ do
pu = barycenter(Adj[u]) foreach u € V(G) do :
— Z’UEAdj[u] pv/ deg(u) L Fu(t) S Z’UEV(G) frep(puap’v) + Z’UEAdj[u] fattr(puapv)é
| foreach u € V(G) do -
Fu(t) — ZveAdj[u] pv/deg(u) — Pu L Pu < Pu +M1 Fu(
| tet+1 . 5
return barycenter(xy,...,2x) =) ,_; xi/k




Tutte's Forces ForceDirected(graph G, p = (pu)oev, £ > 0, K €N) i

Goal t <1
oat. ~ while ¢t < K and max,cy(q) || Fu(t — 1)|| > € do
pu = barycenter(Adj[u]) | foreach v € V(G) do :
= 2_vendjlu] Pv/ deg(u) | Fult) < 2oevic) Tree(Pus Po) + 2 vendiu fat”(pu’p“)é
| foreach u € V(G) do |
F,(t) = ZUGAdJ[u] Do/ deg(u) — py | Pu Du —I—Ml Fu(
— ZveAdj[u] (Pv — pu)/ deg(u) tet+1 k

' return p barycenter(xy,...,2x) =) ,_; xi/k



Tutte's Forces ForceDirected(graph G, p = (p)ocv, € > 0, K €N) i

t<1
Goal. ~ while t < K and max,cy (g || Fu(t —1)|| > ¢ do
« = barycenter(Adj[u]) | foreach u € V(G) do :
— Z’UEAdJ[u] pv/ deg(u) L F(t) < ZveV(G) Srep(Du, Pv) + Z’UEAdj[u] fattr(puapv)é
5 foreach u € V(G) do
Fu(t) = ZUeAdJ[u] po/ deg(u) — | Pu Dy +M1 Fou(
D vendjju](Pv — Pu)/ deg(U) L l:fr:pt +1 parycenter(an......z2) = S, 21k

|Pu—poll —

DuDe = unit vector pointing
from u to v
|pw. —pw|| = Euclidean distance
between u and v



Tutte's Forces ForceDirected(graph G, p = (p)ocv, € > 0, K €N) i

t<1
Goal. ~ while t < K and max,cy (g || Fu(t —1)|| > ¢ do
« = barycenter(Adj[u]) | foreach u € V(G) do :
— Z’UEAdJ[u] pv/ deg(u) L F(t) < ZveV(G) Srep(Du, Pv) + Z’UEAdj[u] fattr(puapv)é
5 foreach u € V(G) do
Fu(t) = ZUeAdJ[u] po/ deg(u) — | Pu Dy +M1 Fou(
D vendjfu](Pv — Pu)/ deg(U) L l:fr:pt +1 parycenter(an......z2) = S, 21k
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DuDe = unit vector pointing
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Tutte's Forces ForceDirected(graph G, p = (p)ocv, € > 0, K €N) i

t<1
Goal. ~ while t < K and max,cy (g || Fu(t —1)|| > ¢ do
« = barycenter(Adj[u]) | foreach u € V(G) do :
— Z’UEAdJ[u] pv/ deg(u) L F(t) < ZveV(G) Srep(Du, Pv) + Z’UEAdj[u] fattr(puapv)é
5 foreach u € V(G) do |
Fu(t) = ZUeAdJ[u] po/ deg(u) — | Pu Dy +M1 Fou(
D vendjju](Pv — Pu)/ deg(U) L l:fr:pt +1 parycenter(an......z2) = S, 21k

> [pu=poll

veAdj[u] deg(u)

B Repulsive forces |fiep(Pu;Pu) =0

DuDe = unit vector pointing
from u to v
|pw. —pw|| = Euclidean distance
between u and v



Tutte's Forces ForceDirected(graph G, p = (pu)oev, £ > 0, K €N) i

Goal. L '
~ while t < K and max,cy (g || Fu(t —1)|| > ¢ do
« = barycenter(Adj[u]) | foreach u € V(G) do :
— ZvEAdj[u] pv/ deg(u) . L Fu(t) — ZveV(G) frep(puap’u) T Z’UEAdj[u] fattr(pwpv)é
| foreach u € V(G) do '
Fu(t) = ZUeAdJ[u] po/ deg(u) — | Pu Dy +M1 Fou(
2 _veAdifu](Pv — Pu)/ deg(U) L l:fr:pt +1 parycenter(zn. .. z3) = S 2k

3 [P vaT
deg(u)

veAdj[u]

B Repulsive forces |fiep(Pu;Pu) =0

B Attractive forces DuDv = unit vector pointing
Hp —p || from u to v
u v H . .
fater(Puy Do) = |pw —pw|| = Euclidean distance

deg(u) between u and v



Tutte's Forces ForceDirected(graph G, p = (pu)oev, £ > 0, K €N) i

b1
Goal. ~ while t < K and max,cy (@) | Fo(t — 1)]| > ¢ do
p. = barycenter(Adj[u]) foreach v € V(G) do :
= 2_veAdjfu] Pv/ deg(u) | Fult) < 2pevia) freo(Pus Po) + 24 endiful fat”(p“’p”);
| foreach u € V(G) do '
Eu(t) = 2 cadifu) P/ deg(u) — | Py pu+ I 1 Fy(
= v — Pu)/ deglu t—t+1 ;
el « ’s___r_cff_t_ern_z_z______________F??_iyf_e_f‘f?i(fl;_:;_:_af%?_i_??f—__l_fa/_’i_;
- Z deg(u) Pubv i -
veAdj[u] Global minimum: p, = (0,0) Yu € V(G) )

B Repulsive forces |fiep(Pu;Pu) =0

B Attractive forces DuDv = unit vector pointing
Hp —p H from u to v
u v H . .
fater(Puy Do) = |pw —pw|| = Euclidean distance

deg(u) between u and v



Tutte's Forces ForceDirected(graph G, p = (pu)oev, £ > 0, K €N) i

1
Goal. - while t < K and max,ey(q) | Fu(t — 1)|| > ¢ do
Py = barycenter(Adj[u]) 5 foreach u € V(G) do :
— ZvEAdj[u] pv/ deg(u) L Fy(t) < ZveV(G) Srep(Pus Pv) + ZUEAdj[u] fattr(puapv)i
5 foreach v € V(G) do :
Fu(t) = X eagu Po/ deg(uw) =pu | | put pu+ 361 Fuf
= ZUEAdJ[ ](Pv Pu)/ deg(u)  tet+l k i
|Tp ] return p barycenter(xy,...,z1) = > ., x;i/k
Uu v H """""""""""""""""""""""""""""""""""""""""""""
= ). deg(u) ~ P .
veAdjfu] O Global minimum: p,, = (0,0) Vu € V(G) )
L _ |
m Repulsive forces [FINOIPHIZ0 Solution: fix coordinates of outer fag).
B Attractive forces DuDv = unit vector pointing
Hpu—pv\l—> from u to v
fater(Puy Do) = |pw —pw|| = Euclidean distance

deg(u) between u and v



Tutte's Forces ForceDirected(graph G, p = (p)ocv, € > 0, K €N) i

Goal t< 1
oar ~ while t < K and max,cy (q) || Fo(t — 1)|| > ¢ do
pu = barycenter(Adj[u]) | foreach v € V(G) do :
— ZveAdj[u] pv/ deg(u) i L Fy(t) < ZUEV(G) frep(Pus Dv) + ngAdj[u] fattr(puapv)i
| foreach u € V(G) do :
Fu(t) = X eagu Po/ deg(uw) =pu | | put pu+ 361 Fuf
— Z’UEAdJ[u] (p’v pu)/ deg(u) L t—t+1 L
—  return p barycenter(x1,...,x5) =) . Ti/k
u v H """"""""""""""""""""""""""""""""""""""""""""""
vEAdj[u] celt Global minimum: p, = (0,0) Vu € V(G) @
B Repulsive forces [fa(uipy) =0 Solution: fix coordinates of outer face!
rep uy’vy) — @
B Attractive forces DuDv = unit vector pointing
. , from u to v
fatte(Du> Do) = (I)I | —> 1 u fxed |pu —po|| = Euclidean distance
ﬁZg(Z")’ pupy  Otherwise. between u and v
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System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Loy = ZveAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) -z, — ZveAdj[u] Ty =0
Ju = Z’UEAdj[u] Yo/ deg(u) < deg(u) - yu = ZUEAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0
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System of Linear Equations

Goal. py, = (Tu,Yu)

pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = ZveAdj[u] Ty/ deg(u) < deg(u) -z
Yu = ZveAdj[u] Yo/ deg(u) << deg(u) - yu

ui

U3

u

[

ZveAdj[u] Ty < deg(u) - zy
queAdj[u] Yo deg(u) "Yu

\
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- ZvEAdj[u] Ly = 0
- Z’UEACU[’U,] Yo = 0



System of Linear Equations

Goal. py, = (Tu,Yu)

pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = ZveAdj[u] Ty/ deg(u) < deg(u) -z
Yu = ZveAdj[u] Yo/ deg(u) << deg(u) - yu

ui

U3

u

[

ZveAdj[u] Ty < deg(u) - zy
queAdj[u] Yo deg(u) "Yu

\
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- ZvEAdj[u] Ly = 0
- Z’UEACU[’U,] Yo = 0
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deg(u)
Pv/
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e b (tZr(Adj[U]) =2

— barycen
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. aju
deg(u)
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System of Linear Equations
Goal. py = (zu,Yu) Az =b Ay=0b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

Ui U2 U3 Ug Us Up
x u ([ 3 \
o (%%
us
U Ua
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Up \ )

us3
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System of Linear Equations
Goal. py = (zu,Yu) Az =b Ay=0b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

U1 (%% us Ugq  Us Ug

" u1(3 —]. \

u2

us3



18- 16

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

(VA U us Uy Usx Ug

“ u (3 <1 -1 \

u

u3



18 - 17

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

(VA U us Uy Usx Ug

u1(3—1—1 0 \

ui

u

u3



18- 18

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

(VA U us Uy Usx Ug

u1(3—1—1 0 -1 \

ui

u

u3



18- 19

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

(VA U us Uy Usx Ug

u1(3—1 -1 0 -1 o\

ui

u

u3



18- 20

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

U1 (%% us Ugq  Us Ug
up /3 -1 -1 0 -1 0)
(15, 3

ui

u

u3



18-21

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Loy = ZveAdj[u] x,/deg(u) < deg(u) -z, = ZveAdj[u] T, < deg(u) - x, — ZUGAdJ[u] 2, =0
Yu = ZveAdj[u] Yo/ deg(u) < deg(u) -y, = ZveAdj[u] Yo & deg(u) - yu — ZveAdj[u] Yo =0
U1 Uo us Uy Uus Up
Uy ( 3 -1 -1 0 -1 0)
uy | —1 3 -1 -1 0 0

ui

u

u3



18 - 22

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Loy = ZveAdj[u] x,/deg(u) < deg(u) -z, = ZveAdj[u] T, < deg(u) - x, — ZUGAdJ[u] 2, =0
Yu = ZUEAdj[u] yo/ deg(u) < deg(u) - yu = ZveAdj[u] Yo < deg(u) - yu — ZveAdj[u] Yy = 0
U1 Uo us3 U4 Ux Up
up /3 -1 -1 0 -1 0)
uy | —1 3 -1 -1 0 0
us | =1 -1 3 0 0 -1

ui

u

u3



18 - 23

System of Linear Equations
Goal. py = (zu,Yu) Az =b Ay=0b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

" U1 (%% us Ugq  Us Ug
1 s ( 3 -1 -1 0 -1 0)
) wl=1 3 -1 -1 0 0

us -1 -1 3 0 0 -1
@ ] 0 =1 0 3 -1 -1

U@\ )

us3



18 - 24

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

(VA U us Uy Usx Ug

" w (3 -1 -1 0 -1 0)
ur | —1 3 -1 -1 0 0

uz | =1 -1 3 0 0 -1

2 g 0 -1 0 3 -1 -1
o us | —1 0 0 -1 2 0

e |\ /

u3



18- 25

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

(VA U us Uy Usx Ug

U1 ( 3 -1 -1 0 -1 o\
wfl-1 3 -1 -1 0 0
us -1 -1 3 0 0 -1

“ usl O -1 0 3 -1 -1
5 ws |1 0 0 —-1 2 0
w\ 0 0 -1 -1 0 2

ui

u3



18 - 26

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

(VA U us Uy Usx Ug

U1 ( 3 -1 -1 0 -1 o\ A;; = deg(u;)
wl|l -1 3 -1 -1 0 0
w | -1 -1 3 0 0 -1

“ wu]l 0 -1 0 3 -1 -1
5 ws | -1 0 0 -1 2 0
w\ 0 0 -1 -1 0 2

ui

u3



18 - 27

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

(VA U us Uy Usx Ug
u1

U1 ( 3 -1 -1 0 -1 o\ Ay = deg(uy)
wl-1 3 -1 -1 0 0 .
o — uinEE
Uus —]. —]. 3 O O —]. Aij,i;éj — {
w0 21 0 3 -1 -1 0 wu; ¢ F
5 ws|—-1 0 0 —-1 2 0
w\ 0 0 -1 -1 0 2

u3



18 - 28

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

Uq Uo us Uy Usx Ug
U1

U1 ( 3 -1 -1 0 -1 o\ Ay = deg(uy)
wl-1 3 -1 -1 0 0 .
o — uinEE
Uus —]. —]. 3 O O —]. Aij,i;éj — {
w0 21 0 3 -1 -1 0 wu; ¢ F
5 ws|—-1 0 0 —-1 2 0
w\ 0 0 -1 -1 0 2

s Laplacian matrix of G



18 - 29

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

Uq Uo us Uy Usx Ug
U1

U1 ( 3 -1 -1 0 -1 o\ Ay = deg(uy)
wl-1 3 -1 -1 0 0 .
o — uinEE
Uus —]. —]. 3 O O —]. Aij,i;éj — {
w0 21 0 3 -1 -1 0 wu; ¢ F
5 ws|—-1 0 0 —-1 2 0
w\ 0 0 -1 -1 0 2

s Laplacian matrix of G

unique solution



18 - 30

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

y (VA U us Uy Usx Ug
1

U1 ( 3 -1 -1 0 -1 o\ A;; = deg(u;)
) w -1 3 -1 -1 0 0 1w € B
Uus -1 -1 3 0 0 -1 Aij,i;éj —{ v
wo ool 0 21 0 3 -1 -1 0 wiu; ¢ F
; ws | -1 0 0 —-1 2 0
w\ 0 0 -1 -1 0 2

s Laplacian matrix of G

variables, constraints, det(A) =
unique solution



18- 31

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

(VA U us Uy Usx Ug
u1

U1 ( 3 -1 -1 0 -1 o\ Ay = deg(uy)
) wl—-1 3 -1 -1 0 0 1w € E
uz | —1 -1 3 0 0 -1 Aij,z’;éj —{ B
w0 21 0 3 -1 -1 0 wiu; ¢
5 ws|—-1 0 0 —-1 2 0
w\ 0 0 -1 -1 0 2

s Laplacian matrix of G

n variables, constraints, det(A) =
unique solution



18 - 32

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

(VA U us Uy Usx Ug
u1

U1 ( 3 -1 -1 0 -1 o\ Ay = deg(uy)
) wl—-1 3 -1 -1 0 0 1w € E
uz | —1 -1 3 0 0 -1 Aij,z’;éj —{ B
w0 21 0 3 -1 -1 0 wiu; ¢
5 ws|—-1 0 0 —-1 2 0
w\ 0 0 -1 -1 0 2

s Laplacian matrix of G

n variables, n constraints, det(A) =
unique solution



18 - 33

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

Uq Uo us Uy Usx Ug
U1

U1 ( 3 -1 -1 0 -1 o\ Ay = deg(uy)
) wl—-1 3 -1 -1 0 0 1w € E
uz | —1 -1 3 0 0 -1 Aij,z’;éj —{ B
w0 21 0 3 -1 -1 0 wiu; ¢
5 ws|—-1 0 0 —-1 2 0
w\ 0 0 -1 -1 0 2

s Laplacian matrix of G

n variables, n constraints, det(A4) =0
unique solution



18 - 34

System of Linear Equations

Goal. py = (Zu,Yu) Ar=b Ay=b b=(0),
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = Z’UEAdj[u] T, < deg(u) - Ty — ZUEAdj[u] Ty =0
Ju = Z”EAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

(VA U us Uy Usx Ug
u1

U1 ( 3 -1 -1 0 -1 o\ Ay = deg(uy)
) wl—-1 3 -1 -1 0 0 1w € E
uz | —1 -1 3 0 0 -1 Aij,z’;éj —{ B
w0 21 0 3 -1 -1 0 wiu; ¢
5 ws|—-1 0 0 —-1 2 0
w\ 0 0 -1 -1 0 2

s Laplacian matrix of G

n variables, n constraints, det(A4) =0
= no unique solution @



System of Linear Equations

Goal. py, = (Tu,Yu)
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly — ZUEAdj[u] xv/ deg(u) A deg(u) t Ly = Z’UEACU[U] Ty < deg(u) * Ly
Yu = queAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) Yo

Uq Uo us Uy Usx Ug

" w (3 -1 -1 0 -1 0)

ur | —1 3 -1 -1 0 0

uz | =1 -1 3 0 0 -1

2 ug 0 -1 0 3 -1 -1

o us | —1 0 0 -1 2 0

w\ 0 0 -1 -1 0 2
Laplacian matrix of G

U3

n variables, n constraints, det(A4) =0
= no unique solution

=

18 - 35

- ZvEAdj[u] Ly = 0
- Z’UEACU[’U,] Yo = 0

A B —1 Ui € E
WAFT 0 Ui Uy §é E

Solution:

1. No need to change fixed
vertices.

2. Constraints that depend on
fixed vertices are constant
and can be moved into b.



System of Linear Equations

Goal. py, = (Tu,Yu)
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly — ZUEAdj[u] xv/ deg(u) A deg(u) t Ly = Z’UEACU[U] Ty < deg(u) * Ly
Yu = queAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) Yo

U1 Uo us Uy Usx Ug

" w (3 -1 -1 0 -1 0)

ur | —1 3 -1 -1 0 0

uz | =1 —1 3 0 0 -1

2 ug 0 -1 0 3 -1 -1

o us | —1 0 0 -1 2 0

w\ 0 0 -1 -1 0 2
Laplacian matrix of G

U3

n variables, n constraints, det(A4) =0
= no unique solution

=

18 - 36

- ZvEAdj[u] Ly = 0
- Z’UEACU[’U,] Yo = 0

A B —1 Ui € E
WAFT 0 Ui Uy §é E

Solution:

1. No need to change fixed
vertices.

2. Constraints that depend on
fixed vertices are constant
and can be moved into b.



System of Linear Equations

Goal. py, = (Tu,Yu)
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly — ZUEAdj[u] xv/ deg(u) A deg(u) t Ly = Z’UEACU[U] Ty < deg(u) * Ly
Yu = queAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) Yo

U1 Uo us Uy Usx Ug

" w (3 -1 -1 0 -1 0)

ur | —1 3 -1 -1 0 0

uz | =1 —1 3 0 0 -1

2 ug 0 -1 0 3 -1 -1

o us | —1 0 0 -1 2 0

w\ 0 0 -1 -1 0 2
Laplacian matrix of G

u3

n variables, k constraints, det(A) =0

k = #free vertices = no unique solution

=

18 - 37

- ZvEAdj[u] Ly = 0
- Z’UEACU[’U,] Yo =0

A B —1 Ui € E
WAFT 0 Ui Uy §é E

Solution:

1. No need to change fixed
vertices.

2. Constraints that depend on
fixed vertices are constant
and can be moved into b.



System of Linear Equations

Goal. py, = (Tu,Yu)
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly — ZUEAdj[u] xv/ deg(u) A deg(u) t Ly = Z’UEACU[U] Ty < deg(u) * Ly
Yu = queAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) Yo

U1 Uo us Uy Usx Ug

" m (3 -1 -1 0 -1 0

ur 1—1 3 -1 -1 0 0

uz —1-——1 3 0 0 -1

2 ug 0 -1 0 3 -1 -1

o us | —1 0 0 -1 2 0

w\ 0 0 -1 -1 0 2
Laplacian matrix of G

u3

n variables, k constraints, det(A) =0

k = #free vertices = no unique solution

=

18 - 38

- ZvEAdj[u] Ly = 0
- Z’UEACU[’U,] Yo =0

A B —1 Ui € E
WAFT 0 Ui Uy §é E

Solution:

1. No need to change fixed
vertices.

2. Constraints that depend on
fixed vertices are constant
and can be moved into b.



System of Linear Equations

Goal. py, = (Tu,Yu)
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly — ZUEAdj[u] xv/ deg(u) A deg(u) t Ly = Z’UEACU[U] Ty < deg(u) * Ly
Yu = queAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) Yo

U1 U2 us Uy Usx Up

i m (3 -1 -1 0 -1 0

wf|-1 3 -1 -1 0 0

uz +—+——1 3 0 0 -1

2 ug o -1 0 3 -1 -1

o us | -1 0 0 -1 2 0

w\ 0 0 -1 -1 0 2
Laplacian matrix of G

k variables, k constraints, det(A) =0

= no unique solution

u3

k = #free vertices

=

18 - 39

- ZvEAdj[u] Ly = 0
- Z’UEACU[’U,] Yo =0

A = deg(u;)

A B —1 Ui € E
WhiET O uiuj §é E

Solution:

1. No need to change fixed
vertices.

2. Constraints that depend on
fixed vertices are constant
and can be moved into b.



System of Linear Equations

Goal. py, = (Tu,Yu)
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly — ZUEAdj[u] xv/ deg(u) A deg(u) t Ly = Z’UEACU[U] Ty < deg(u) * Ly
Yu = queAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) Yo

U1 Uo us Uy Usx Ug

i m (3 -1 -1 0 -1 0

u {-1 3 -1 -1 0 O

uz +—+——1 3 0 0 -1

2 ug o -1 0 3 -1 -1

S us | -1 0 0 -1 2 0

w\ 0 0 -1 -1 0 2
Laplacian matrix of G

k variables, k constraints, det(A) >0

= no unique solution

u3

k = #free vertices

=

18 - 40

- ZvEAdj[u] Ly = 0
- Z’UEACU[’U,] Yo =0

A B —1 Ui € E
WhiET O uiuj §é E

Solution:

1. No need to change fixed
vertices.

2. Constraints that depend on
fixed vertices are constant
and can be moved into b.



System of Linear Equations

Goal. py, = (Tu,Yu)
pu = barycenter(Adjlu]) = >, cagjju) Po/ deg(u)

Ly — ZUEAdj[u] xv/ deg(u) A deg(u) t Ly = Z’UEACU[U] Ty < deg(u) * Ly
Yu = queAdj[u] Yo/ deg(u) < deg(u) - yu = ZveAdj[U] Yo < deg(u) Yo

U1 Uo us Uy Usx Ug

i m (3 -1 -1 0 -1 0

u {-1 3 -1 -1 0 O

uz +—+——1 3 0 0 -1

2 ug o -1 0 3 -1 -1

S us | -1 0 0 -1 2 0

w\ 0 0 -1 -1 0 2
Laplacian matrix of G

k variables, k constraints, det(A) >0

— unique solution

u3

k = #free vertices

18 - 41

- ZvEAdj[u] Ly = 0
- Z’UEACU[’U,] Yo =0

A B —1 Ui € E
WhiET O uiuj §é E

Solution:

1. No need to change fixed
vertices.

2. Constraints that depend on
fixed vertices are constant
and can be moved into b.



18 - 42

System of Linear Equations

p
Theorem.

Tutte's barycentric algorithm admits a unique solution.
It can be computed in polynomial time.

.

Goal. py, = (Tu,Yu)
Py = barycenter(Adj[u]) =

J

Ly = Z’UEAdj[u] T,/ deg(u) < deg(u) -z, = ZUEAdj[u] T, < deg(u) - Ty — ZvEAdj[u] Ty =0
Ju = Z’UEAdj[u] Yo/ deg(u) < deg(u) - yu = ZUEAdj[U] Yo < deg(u) - yu — ZUEAdj[u] Yo =0

U1 U2 us Uy Usx Ug

u1 U1 ( §—31—1 0 —1 O\ Ay = deg(u;)
uz 4—1——1 3 0 0 —1 Aijits = { i Uj
2 ug o -1 0 3 -1 -1 0 wu; ¢ E
. us | —1 0 0 -1 2 0 Solution:
Ug \ 0 0 —1 -1 0 2) 1. No need to change fixed
U3 : : vertices.
Laplacian matrix of G 2. Constraints that depend on
k variables, k constraints, det(A) >0 fed vertices are constant

k = #free vertices — unique solution and can be moved into b.



System of Linear Equations

‘Theorem.
Tutte's barycentric algorithm admits a unique solution.
It can be computed in polynomial time.

.

Ly = ZveAdj[u] Ty/ deg(u) < deg(u) -z
Yu = ZUEAdj[u] Yo/ deg(u) << deg(u) - yu

Goal. py, = (Tu,Yu)

pu = barycenter(Adjlu]) =

ui

u

U3

18 - 43

= Tutte drawing |

J

U1 Uo us

(3—1—1
-1 3 -1
—1——1—3
0 -1 0
-1 0 0
\ 0 0 -1

Laplacian matrix of G

0
—
0
3
—1
—1

Uus

—1
0
0
—1
2
0

Ue
0
0
—1
—1

0
2/

k variables, k constraints, det(A) >0
— unique solution

k = #free vertices

2 vendjiu] Tv = deg(u) - Tu = 3 e agiju) v = 0
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Tutte's Theorem

g
Theorem.

| et G be a 3-connected planar graph, and
et ( be a face of its unique embedding.

of GG is planar and all its faces are strictly convex.
.

[Tutte 1963])

f we fix (" on a strictly convex polygon, then the Tutte drawing

J
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In practice, the related technique of multidimensional scaling (MDS) is often used, too.
There, for every pair of vertices, an optimal distance (the distance in the graph) is deter-
mined and a drawing with these optimal distances is computed in high-dimensional space.
Afterwards this drawing is projected into the plane.
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Discussion

In practice, force-directed graph drawing methods are very often used.
Numerous variants, adaptations, and extensions exist.
They are well-suited for small and medium-size graphs (up to &~ 100 vertices).

A way to deal with larger graphs, is to coarsen the graph by merging vertices and first to
draw the coarsened graph and then to unpack and draw the vertices to the original graph.

In practice, the related technique of multidimensional scaling (MDS) is often used, too.
There, for every pair of vertices, an optimal distance (the distance in the graph) is deter-
mined and a drawing with these optimal distances is computed in high-dimensional space.
Afterwards this drawing is projected into the plane.

-rom a theoretical perspective, Tutte drawings posses many powerful properties.

f a graph is not 3-connected, we can (temporarily) add sufficiently many edges.

n practice, Tutte drawings are hardly used because the inner parts often become tiny.
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