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Virtual Machine can be solved in O(1) time.

Theorem.

Arrays on the JVM are indexed by 32-bit signed integers. So, an array cannot have
more than 231 − 1 entries.

Observation. In practice, the big O notation has some shortcomings. . .

Remember:

O(g) =

 f : N→ R |


there are positive constants c and n0

such that for all n ≥ n0:
f (n) ≤ c · g(n)

What if? � We have lots of small instances but n0 is large?
� Two algorithms have similar g (e.g. n and n log(n)) but for one c is

much higher?
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Do We Need More Detail?
[Knuth 1998]

What about? � Caching?

� Super-scalar Architectures?

� Out-of-order Processors?

� Vector Processors? Parallel Multiprocessors?

� Fixed-function Units?
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https://computers-are-fast.github.io/
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Knapsack is (weakly)
NP-complete but can be solved
in pseudo-polynomial time by
dynamic programming.
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Pick an arbitrary order on the items U.

f (i, s) = max value with size limit s using only items 1 . . . i.

Base case:
f (1, s) =

{
v(1) if s(1) ≤ s
0 otherwise

Recursion:
f (i, s) = max

{
f (i− 1, s)
v(i) + f (i− 1, s− s(i)) if s ≥ s(i)

Result: f (|U|, B)

Runtime: O(|U| · B) “pseudo-polynomial”
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Expectation Management

[Skiena 2012]
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Running Times

Exception in thread "main" java.lang.StackOverflowError

at scala.runtime.BoxesRunTime.equalsNumNum(BoxesRunTime.java:148)

at scala.runtime.BoxesRunTime.equalsNumObject(BoxesRunTime.java:138)

at scala.runtime.BoxesRunTime.equals2(BoxesRunTime.java:127)

at scala.runtime.BoxesRunTime.equals(BoxesRunTime.java:119)

at scala.Tuple2.equals(Tuple2.scala:24)

at scala.runtime.BoxesRunTime.equals2(BoxesRunTime.java:133)

at scala.runtime.BoxesRunTime.equals(BoxesRunTime.java:119)

at scala.collection.mutable.HashMap$Node.findNode(HashMap.scala:621)

at scala.collection.mutable.HashMap.getOrElseUpdate(HashMap.scala:449)

at y.Memoized$.momoized$$anonfun$1(Y.scala:64)

at y.Memoized$.go$lzyINIT1$1$$anonfun$1(Y.scala:72)

at y.Memoized$.momoized$$anonfun$1$$anonfun$1(Y.scala:64)

at scala.collection.mutable.HashMap.getOrElseUpdate(HashMap.scala:454)

at y.Memoized$.momoized$$anonfun$1(Y.scala:64)

...
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. . .

Exception in thread "main" java.lang.OutOfMemoryError: Java heap space

at java.base/java.lang.Integer.valueOf(Integer.java:1077)

at scala.runtime.BoxesRunTime.boxToInteger(BoxesRunTime.java:63)

at y.TCO$.go$3(Y.scala:112)

at y.TCO$.solve(Y.scala:121)

at y.TCO$.runTco(Y.scala:82)

at y.runTco.main(Y.scala:80)
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Idea: � Use Itearation instead of Recursion
� Use Arrays instead of a Dictionary
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30

1.15 s

100

Scala memoized 230 ms 267 ms

1K

Scala TCO 273 ms 2.30 s
SO

10K

OOM

Scala Arrays 458 ms 27.5 s
Scala bulk copy 437 ms

Java 636 ms
node.js



Running Times

|U| = B = 10|U|
Scala näıve
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30

1.15 s

100

Scala memoized 230 ms 267 ms

1K

Scala TCO 273 ms 2.30 s
SO

10K

OOM

Scala Arrays 458 ms 27.5 s
Scala bulk copy 437 ms

Java 636 ms
node.js 957 ms

Python3 96.8 s



Running Times

|U| = B = 10|U|
Scala näıve
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Observation. Qicksort has optimal runtime as long as the recursion depth is
O(log(n)).

Idea. If for any partition the recursion reaches a depth of a log(n) (for a
given parameter a) stop and sort this section with heap sort.

Introsort [Musser 1997]

Common optimizations

� Median-of-3 pivoting

start end

. . . . . .

s m e pivot = median(s,m, e)� Adaptive sorting:
If the partition is smaller than b (for a
given parameter b) stop the recursion.
At the end call insertion sort to finish
the mostly sorted array.

a = 2

b = 16

see (and hear) it!
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