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Maximizing Profits

You're the boss of a small company that produces two
products P; and P,. For the production of x; units of P,
and x; units of P, you're profit in € is:

G(x1,x2) = 30x1 4+ 50x>

Three machines M4, Mp and M¢ produce the required
components A, B and C for the products. The components
are used in different quantities for the products, and each
machine requires some time for the production.

MAI
MB:
MC:

4x1 N

- 11x2 < 880

X1

- xp < 150
x2§ 60

Which choice of (x1, x2) maximizes the profit?
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Solution Linear constraints:
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Motivation: Upper and Lower Bounds

Consider hard NP-Minimization Problem.

Decision Problem:
Is a given U an upper bound on OPT?

Feas. sol. S provides efficiently verifiable “Yes”-certificates.

/ “no”-certificates?
~~ probably not! (conjecture: NP # coNP)

Need lower bound . > OPT/«
(approximate “no”-certificates)
for approximation algorithms!

Examples:
B Vertex Cover: lower bound by matchings

m TSP: lower bound by MST or Cycle Cover



Linear Programming

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).



Linear Programming

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

Standard form (HW)



Linear Programming

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize cTx Standard form (HW




Linear Programming

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize cTx Standard form (HW
subjectto Ax > b




Linear Programming

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize cTx Standard form (HW
subjectto Ax b

X 0



Linear Programming

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize cTx Standard form (HW
subjectto Ax

1 -1 3 10
Example. c¢= |1 A—<5 5 _1> b—<6>



Linear Programming

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize cTx Standard form (HW
subjectto Ax

minimize 7x;




Linear Programming

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize cTx Standard form (HW
subjectto Ax

minimize 7x;
subjectto  x;




Linear Programming

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize cTx
subjectto Ax

minimize 7x;
subjectto  x;
5x 1

Standard form (HW




Linear Programming

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize cTx
subjectto Ax

minimize 7x;
subjectto  x;
5x 1

Standard form (HW

VIV IV



Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize 7x;
subjectto  x;

53(?1

VIV IV



Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize 7x;
subjectto  x;

53(?1

VIV IV

Valid solution?



Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize 7x;
subjectto  x;

53(?1

VIV IV

Valid solution?
x=(2,1,3)



Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize 7x; 4+ X» 5x3
subject to X12 —  Xo 33

5x1 + 2x» —  x3
X1,X2,X3

VIV IV

Valid solution?
x=(2,1,3)



Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize 7x; + x» 4+ bx3
subject to x12 —  x01 4+ 3x3

5x1 + 2x» —  x3
X1,X2,X3

VIV IV

Valid solution?
x=(2,1,3)



Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize 7x; + x» 4+ bx3
subject to x12 —  x01 4+ 3x39

5x1 + 2x» —  x3
X1,X2,X3

Valid solution?
x=(2,1,3)



Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize 7x; + x» 4+ bx3
subjectto x2 — x1 4+ 3x39 > 1010

5x1 + 2x» —  x3 6
X1,X2,X3 0

Valid solution?
x=(2,1,3)



Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize 7x; + x» 4+ bx3
subjectto x2 — x1 4+ 3x39 > 1010

5x110+ 2x52 —  x33 69
X1,X2, X3 0

Valid solution?
x=(2,1,3)



Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize 7xi144+ xp + Dxj
subjectto x2 — x1 4+ 3x39 > 1010

5x110+ 2x52 —  x33 69
X1,X2, X3 0

Valid solution?
x=(2,1,3)



Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize 7xi144+ xp1 + Dxj
subjectto x2 — x1 4+ 3x39 > 1010

5x110+ 2x52 —  x33 69
X1,X2, X3 0

Valid solution?
x=(2,1,3)



Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize
subject to

7x114+  xp1 + bx315
x12 —  x01 + 3x39 > 1010
5x110+ 2x52 —  x33 69

Valid solution?
x=(2,1,3)

X1,X2,X3 0



Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).
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Linear Programming — Upper Bounds

Optimize (i.e., minimize or maximize) a linear (objective)
function subject to linear inequalities (constraints).

minimize 7x{144+ x»1 + bx315 = 30
subject to x12 —  x01 4+ 3x39 > 1010

5x110+ 2x52 —  x33 69
X1,X2, X3 0

Valid solution?
x=(2,1,3)
= obj(x) = 30 is upper bound for OPT
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LPs and Convex Polytopes

The feasible solutions of an LP
with 7 variables from a convex
polytope in R” (intersection of
halfspaces).

Corners of the polytope are called //(
extreme point solutions <

n linearly independent inequalities
(constraints) are satisfied with
equality.

When an optimal solution exists,
some extreme point will also be
optimal.
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Many NP-optimization problems can be formulated as
ILPs; thus ILPs are NP-hard to solve.

LP-Relaxation provides lower bound: OPTp < OPTyp
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B f(u0) < for each edge (u,v) € E
B ) (0)eE f(1,0) = Ypz)ek f(v,2) for each vertex v € V — {5, t}

The flow value is the inflow to f minus the outflow from ¢t.
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Which constraints contain f,, # fs?
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Theorem. The value of a maximum s—t-flow and the
weight of a minimum s—f-cut are the same.

Proof. Special case of LP-Duality ...

maximize  fys
subjectto  f,, < ¢, V(u,v) € E\{(t,s)} duo

Z fuv Z fvz <0 VoeV Po

u: (u,v)eE z: (v,z)€E
fuo >0 V(u,v) c L

maximize cTx = Y (u,0)cE 0- fuo) +1-fis =c=(0,...,0,1)
Which constraints contain f,, # fs? dyo
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Max-Flow-Min-Cut-Theorem

Theorem. The value of a maximum s—t-flow and the
weight of a minimum s—f-cut are the same.

Proof. Special case of LP-Duality ...

maximize  fys
subjectto  f,, < ¢, V(u,v) € E\{(t,s)} duo

Z fuv Z fvz <0 VoeV Po

u: (u,v)eE z: (v,z)€E
fuo >0 V(u,v) c L

maximize cTx = Y (u,0)cE 0- fuo) +1-fis =c=(0,...,0,1)
Which constraints contain f,, # fs? duv, Pu
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Max-Flow-Min-Cut-Theorem

Theorem. The value of a maximum s—t-flow and the
weight of a minimum s—f-cut are the same.

Proof. Special case of LP-Duality ...

maximize  fys
subjectto  f,, < ¢, V(u,v) € E\{(t,s)} duo

Z fuv Z fvz <0 VoeV Po

u: (u,v)eE z: (v,z)€E
fuo >0 V(u,v) c L

maximize cTx = Y (u,0)cE 0- fuo) +1-fis =c=(0,...,0,1)
Which constraints contain f,, # fs? Auv, Pu, Po
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Max-Flow-Min-Cut-Theorem

Theorem. The value of a maximum s—t-flow and the
weight of a minimum s—f-cut are the same.

Proof. Special case of LP-Duality ...

maximize  fys

subjectto  f,, < ¢, V(u,v) € E\{(t,s)} duo
Z fuv Z fvz <0 VoeV Po
u: (u,v)eE z: (v,z)€E
fuo >0 V(u,v) c L
maximize cTx =}, )cp (0 fuo) +1-fis =c=(0,...,0,1)
Which constraints contain f,, # fs? Auv, Pu, Po

:>duv_l9u‘|‘]9020
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Max-Flow-Min-Cut-Theorem

Theorem. The value of a maximum s—t-flow and the
weight of a minimum s—f-cut are the same.

Proof. Special case of LP-Duality ...

maximize  fys

subjectto  f,, < ¢, V(u,v) € E\{(t,s)} duo
Z fuv Z fvz <0 VoeV Po
u: (u,v)eE z: (v,z)€E
fuo >0 V(u,v) c L
maximize cTx =}, )cp (0 fuo) +1-fis =c=(0,...,0,1)
Which constraints contain f,, # fs? Auv, Pu, Po

:>duv_l9u‘|‘l9020
Which constraints contain f;s?
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Max-Flow-Min-Cut-Theorem

Theorem. The value of a maximum s—t-flow and the
weight of a minimum s—f-cut are the same.

Proof. Special case of LP-Duality ...

maximize  fys

subjectto  f,, < ¢, V(u,v) € E\{(t,s)} duo
Z fuv Z fvz <0 VoeV Po
u: (u,v)eE z: (v,z)€E
fuo >0 V(u,v) c L
maximize cTx =}, )cp (0 fuo) +1-fis =c=(0,...,0,1)
Which constraints contain f,, # fs? Auv, Pu, Po

:>duv_l9u‘|‘l9020
Which constraints contain f;s? Ps, Pt
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Max-Flow-Min-Cut-Theorem

Theorem. The value of a maximum s—t-flow and the
weight of a minimum s—f-cut are the same.

Proof. Special case of LP-Duality ...

maximize  fys

subjectto  f,, < ¢, V(u,v) € E\{(t,s)} duo
Z fuv Z fvz <0 VoeV Po
u: (u,v)eE z: (v,z)€E
fuo >0 V(u,v) c L
maximize cTx =}, )cp (0 fuo) +1-fis =c=(0,...,0,1)
Which constraints contain f,, # fs? Auv, Pu, Po
:>duv_l9u‘|‘l9020
Which constraints contain f;s? Ps, Pt

= ps —pr 2> 1



Max-Flow-Min-Cut-Theorem

21-23

[Theorem. The value of a maximum s—f-flow and the

weight of a minimum s—f-cut are the same.

Proof. Special case of LP-Duality ...

maximize  fys
subjectto  f,, < ¢, V(u,v) € E\{(t,s)}
Z fuv Z fvz <0 VoeV

u: (u,v)eE z: (v,z)€E
fuo >0 V(u,v) c L

subject to — > V(u,v) € E\{(t,5s)}

V(u,v) € E
VueV
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Max-Flow-Min-Cut-Theorem

Theorem. The value of a maximum s—t-flow and the
weight of a minimum s—f-cut are the same.

Proof. Special case of LP-Duality ...

maximize  fys
subjectto  f,, < ¢, V(u,v) € E\{(t,s)}
Z fuv Z fvz <0 VoeV

u: (u,v)eE z: (v,z)€E
fuo >0 V(u,v) c L

minimize Z Cup * duv

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

V(u,v) € E
VueV
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Dual LP - Interpretation as ILP

minimize Z Cuo Ay
(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

ps —pr > 1
dyo >0 V(u,v) € E

23 -

py >0 VueV



Dual LP - Interpretation as ILP

minimize Z Cuo Ay
(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

ps —pt = 1
duww 20 € {0,1} V(u,v) € E
YueV

23 -
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Dual LP - Interpretation as ILP

minimize Z Cuv * duv

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}
ps —pr =1

dwo 28 € {0,1} V(u,v) € E
VueV
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Dual LP - Interpretation as ILP

minimize Z Cup * duv

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}
ps —pr =1

dwo 28 € {0,1} V(u,v) € E
VueV
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Dual LP - Interpretation as ILP

minimize Z Cuz) * duv

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}
ps —pr =1

dwo 28 € {0,1} V(u,v) € E
VueV




Dual LP - Interpretation as ILP

minimize Z Cuo Ay
(u,0)€E\{(ts)}
subjectto d,, —py+ 1y >0

ps —pt = 1
dyp 20 € {0,1}

23 -




23 -

Dual LP - Interpretation as ILP

minimize Z Cuo Ay
(u,0)€E\{(ts)}
subjectto d,, —py+ 1y >0

ps —pt = 1
dyp 20 € {0,1}

equivalent to Min-Cut!




Dual LP — Factional Cuts

24 -

minimize )y o - dyp = LP-Relaxation of the ILP

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

V(u,v) € E
VueV




Dual LP — Factional Cuts

24 -

minimize Y o - dypy = LP-Relaxation of the ILP

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

V(u,v) € E
VueV




Dual LP — Factional Cuts

24 -

minimize Y o - dypy = LP-Relaxation of the ILP

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

V(u,v) € E
VueV




Dual LP — Factional Cuts

24 -

minimize )y o - dyp = LP-Relaxation of the ILP

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

V(u,v) € E
VueV




Dual LP — Factional Cuts

24 -

minimize )y o - dyp = LP-Relaxation of the ILP

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

V(u,v) € E
VueV




Dual LP — Factional Cuts

24 -

minimize )y o - dyp = LP-Relaxation of the ILP

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

V(u,v) € E
VueV




Dual LP — Factional Cuts

24 -

minimize )y o - dyp = LP-Relaxation of the ILP

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

V(u,v) € E
VueV




24 -

Dual LP — Factional Cuts

minimize )y o - dyp = LP-Relaxation of the ILP

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

V(u,v) € E
VueV
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Dual LP — Factional Cuts

minimize Y o - dypy = LP-Relaxation of the ILP

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

V(u,v) € E
VueV

Each s—t-path
s =70g,...,0 =t has
length > 1 w.r.t. d:

0.75
2 on (2
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Dual LP — Factional Cuts

minimize Y o - dypy = LP-Relaxation of the ILP

(u,0)€E\{(t5)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

V(u,v) € E
VueV

Each s—t-path
s =70g,...,0 =t has
length > 1 wurt. d:

2 dijy1 > Z — Pit1)

= Ps — Pt

0.75
2 on (2
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Dual LP — Factional Cuts

minimize Y .d,,= LP-Relaxation of the ILP
(uv)€E\{(ts)}
subjectto d,, — py +py >0 V(u,v) € E\{(t,5s)}

Each V(u,v) € E
extreme-point VueV

solution is
integral! (HW)

Each s—t-path o

-
s =70g,...,0 =t has
length > 1 wurt. d:

2 dijr1 2 Z — Pi+1)

= Ps — Pt




25-1

Dual LP — Complementary Slackness

maximize  f
subjectto [, < 0 V(u,v) € E\{(t,s)}
2 fio— Y, fo=<0 Yo eV
u: (u,v)€E z: (v,z)€E
fuo >0 V(u,v) € E
minimize Z Coo - Ay
(uv,0)€E\{(ts5)}
subjectto  d,, — p, + po >0 V(u,v) € E\ {(t,s)}
ps —pr =1
dyp >0 V(u,v) € E
pu >0 VueV
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Dual LP — Complementary Slackness

maximize  f

subjectto [, < 0 V(u,v) € E\{(t,s)}
Z fio— Y, fo=<0 VoeV
u: (u,v)€E z: (v,z)€E
fuvZO V(U,Z)) c L
minimize Z Cuv * Ay

(u,0)€E\{(ts)}
subjectto  d,, —p,+p, >0 V(u,v) € E\{(t,s)}

ps —pr =1
dyy >0 V(u,v) € E
pu =0 YueV

For a max flow and min cut:
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Dual LP — Complementary Slackness

maximize  f

subjectto [, < 0 V(u,v) € E\{(t,s)}
Z fio— Y, fo=<0 VoeV
u: (u,v)€E z: (v,z)€E
fuvZO V(U,Z)) c L
minimize Z Cuv * Ay

(u,0)€E\{(ts)}
subjectto  d,, —p,+p, >0 V(u,v) € E\{(t,s)}

ps —pr =1
dyy >0 V(u,v) € E
pu =0 YueV

For a max flow and min cut:

B For each forward edge
(Ll, U) Of the cut: fuv = Cyv.
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Dual LP — Complementary Slackness

maximize  f

subjectto [, < 0 V(u,v) € E\{(t,s)}
Z fio— Y, fo=<0 VoeV
u: (u,v)€E z: (v,z)€E
fuvZO V(U,Z)) c L
minimize Z Coo+ dyo

(u,0)€E\{(ts)}
subjectto  d,, —p,+p, >0 V(u,v) € E\{(t,s)}

ps —pr =1
dyy >0 V(u,v) € E
pu =0 YueV

For a max flow and min cut:

B For each forward edge
(Ll, U) Of the cut: fuv = Cyv.

(duz) = 1, SO by dual CS: fuz) = CUU-)
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Dual LP — Complementary Slackness

maximize  f

subjectto [, < 0 V(u,v) € E\{(t,s)}
Z fio— Y, fo=<0 VoeV
u: (u,v)€E z: (v,z)€E
fuvZO V(U,Z)) c L
minimize Y. Coo Ao Primal CS:

(o) €EN{(ts)}
subject to dyy — pu +po >0

ps —pr > 1 Dual CS:

if 2 Vi: Either y; = 0 or L1 a;;x; = b;

For a max flow and min cut:

Vj: Either x; = 0 or }"; a;;y; = ¢;

B For each forward edge
(u,v) of the cut: f,, = ;0.

(duz) = 1, SO by dual CS: fuz) = Cuz).)




25-6

Dual LP — Complementary Slackness

maximize  f

subjectto [, < 0 V(u,v) € E\{(t,s)}
Z fzw — Z fvz < 0 VoeV
u: (u,v)€E z: (v,z)€E
fuvZO V(u,v) c L
minimize Y. Coo Ao Primal CS:

(o) €EN{(ts)}
subject to dyy — pu +po >0

ps —pr > 1 Dual CS:

zzv 2200 vi: Either y; = 0 or Y0 a;;x; = b;

For a max flow and min cut:

Vj: Either x; = 0 or }"; a;;y; = ¢;

B For each forward edge
(u,v) of the cut: f,, = ;0.

(duz) = 1, SO by dual CS: fuz) = Cuz).)
B For each backward edge
(u,v) of the cut: f,, = 0.




Dual LP — Complementary Slackness

25 -

maximize  f
subjectto [, < 0 V(u,v) € E\{(t,s)}
Z fio— Y, fo=<0 Vo eV
u: (u,v)€E z: (v,z)€E
fuvzo V(u,v) c L
minimize Z Cuv * duv [ Primal CS:
(u0)eE\{(ts)}
subject to  dyy — pu + po > 0 Vj: Either x; = 0 or }"; a;;y; = ¢;
Zs —>Pt > 1 Dual CS:
PZUZ_OO Vi: Either y; = 0 or 2?21 ajjXj = b;

For a max flow and min cut:

B For each forward edge
(u,v) of the cut: f,, = ;0.
(dyv =1, so by dual CS: fi,0 = cuv.)

B For each backward edge
(u,v) of the cut: f,, = 0.

(Otherwise, by primal CS: dyyp — 041 =0.)
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