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SETCOVER (card.)

Given a ground set Ul and a family & of subsets of U
with J & = U.

Find a cover S’ C S of U (i.e. with | J S’ = U) of minimum
cardinality.




SETCOVER (general)

Given a ground set Ul and a family & of subsets of U
with J & = U.

Each S € § has cost ¢(5) > 0.
Find a cover S’ C S of U (i.e. with | J S’ = U) of minimum

=@asdirrertty total cost c(S') =) o o c(5).
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[terative “Buying” of Elements

What is the real cost of picking a set?
Set with k elements and cost ¢ has per-element cost 7.

What happens if we “buy” a set?

Fix price of elements bought and recompute per-element
cost.




[terative “Buying” of Elements

What is the real cost of picking a set?
Set with k elements and cost ¢ has per-element cost 7.

What happens if we “buy” a set?
Fix price of elements bought and recompute per-element

cost. . Y ey price(u)
Greedy: Always choose the set with the minimum
per-element cost.



Greedy for SETCOVER
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Analysis

~\

‘Theorem. GreedySetCover is a factor-  -approximation
algorithm for SETCOVER, where k is the
cardinality of the largest set in & and

=1+1+i+...+1>505+Ink

Lemma. LetSeSanduy,..., 11y be the elements of S in \
the order they are covered (“bought”) by
GreedySetCover. Then

price(uj) < /(£—]+1).

Proof. [teration at which alg. buys u; =
B <j—1elements of S already bought
B > /{—j+1 elements of S not yet bought

B per-element cost for S: < /(L—j+1)
B price by alg. no larger due to greedy choice



Analysis

‘Theorem. GreedySetCover is a factor-  -approximation

~\

algorithm for SETCOVER, where k is the
cardinality of the largest set in & and

=1+1+i+...+1>505+Ink

Lemma. LetS c S and iq,...,u1, be the elements of S in )
the order they are covered (“bought”) by
GreedySetCover. Then
price(uj) < /(£—]+1).

Lemma. price(S) := Y%, price(u;) <
Proof Let {S1,...,5} be opt. sol. OPT =

price(U) = Y, ey price(u) < Y, price(S;)
< - = OPT -

- 20



Analysis tight?

algorithm for SETCOVER, where k is the
cardinality of the largest set in & and

‘Theorem. GreedySetCover is a factor-  -approximation

~\

1 1 1 1 1
n n—1 n-—-2 2
Y ) ) M

C O O O O O :)1—|—€
S U U
price(U) = H,, OPT=1+c¢

better?

SETCOVER cannot be approximated within factor
(unless P=NP)

-12
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SHORTESTSUPERSTRING (SSS)

Given a set {s1,...,5,} C X" of strings over a finite
alphabet 2.

Find a shortest string s (superstring) such that each s;,
1 =1,...,n1is a substring of s.

Example. U := {cbaa,abc,bcb} cbaabcb

v”covers” all strings in U

W.lo.g.: No string s;  abcbaa
is a substring of any ;.
other string s;. beb

cbaa
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SSS as a SETCoOVER Problem

SETCOVER Instance: ground set U, set family &, costs c.
ground set U := {s1,...,5,}

Let be 0}, be the unique string with prefix s; and suffix s;
where s; and s; overlap on k characters (for suitable i, j, k)

s; : cabab s; : ababc | N Il'ength.kl
cabab: cabab: a— s
ababc ababic | ; / |
Oijp : cabababc  0jj4 : cababc h ;l]rk d

S(ojjx) = {s € U | s substring of ¢;;; } contains the elements
of the ground set covered by 0.

C (S(O'i]'k)) = \Ui]-k] (number of characters in ;)
S = {S(Uijk) | k > O} (pOSSlbly 1 = ])
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Relating SSS and SETCOVER

-

Lemma. Let OPTsss be the length of a shortest superstring\
of LI and OPTgc be the minimum cost of the
corresponding SETCOVER instance. Then:

OPTsgs < OPTsc

A J

Proof.

Consider an optimal set cover {S(71),...,S(7;)} of U.

s := 711 0---0 7T is a superstring of U of length
Y |l =X = OPTsc.
ThLIS, O:?TSSS < ’S‘ — OPTsc.
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Relating SSS and SETCOVER

[Lemma. OPTsc < 2-OPTsgs ]

Proof. Consider optimal superstring s.
Construct set cover with cost< 2|s| =2 - OPTgggs.

S

S .
b1 ¥—— leftmost occurence of a string s, € L.
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Relating SSS and SETCOVER

[Lemma. OPTsc < 2-OPTsgs ]

Proof. Consider optimal superstring s.
Construct set cover with cost< 2|s| =2 - OPTgggs.

Y—— last such string that overlaps s,

abl,@l,kl
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Relating SSS and SETCOVER

[Lemma. OPTsc < 2-OPTsgs ]

Proof.  Consider optimal superstring s.
Construct set cover with cost< 2|s| =2 - OPTgggs.

[I

__No overlaps between 771 and 773!

712 ! BEE ' o :

Ubs,e3,k3




Relating SSS and SETCOVER

15 -

[Lemma. OPTsc < 2-0OPTsgg

Proof.
Each string s; € U is a substring of some 77;.

{S(7y),...,5(m;)} is a solution for the SETCOVER instance
with cost

Substrings 77, 77, do not overlap.

Each character in s lies in at most two (subsequent)
substrings, namely 77; and 77;, 1.

< 2|s| =2-OPTsgg
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Algorithm for S55

1. Construct SETCOVER instance U, S,

2. Compute a set cover {S(7t7),...,S(7;)} with algorithm
GreedySetCover.

3. Return 771 o - - - o 713 as the superstring.

‘Theorem. This algorithms is a factor- -
approximation algorithm for
L SHORTESTSUPERSTRING.

better?
The best-known approximation factor for
SHORTESTSUPERSTRING i8S

SHORTESTSUPERSTRING cannot be approximation within
factor (unless P=NP).
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